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INTRODUCTION 
The problems associated with raising and lowering heavy loads in the deep ocean have 
received increasing attention during recent years  a s  a result  of the need to ca r ry  out a wide 
range of operations demanding varied capabilities in the deep ocean environment. This 
attention s tems  from two factors: the numerous successful drilling operations conducted from 
surface ships over the past 10 years,  including the preliminary "Project Mohole" activities, 
and second, the difficulties encountered o r  anticipated in the placement and recovery of 
instrumented packages, including nuclear reactors,  and other military systems on the ocean 
floor. 
For studies reflecting this interest in deep s e a  operations, i t  i s  useful to classify the 
hydrodynamic problems of raising and lowering heavy loads into the arbitrary categories of 
(1) surface and near-surface, (2) intermediate-depth, and (3) bottom and near-bottom. 
Bottom and near-bottom problems include the placement and recovery of the load with a 
definite degree of precision and safety on o r  f rom a semiplastic o r  rigid foundation. Terminal 
velocities and the oscillation of a body a r e  suggestive of intermediate-depth problems. 
Surface and near-surface problems consist of those related to the submergence and withdrawal 
of an object of arbi t rary shape from a fluid bounded by a randomly moving f r ee  surface. The 
purpose of this study is to investigate one of the problems in this latter category, namely, to 
determine the response of a construction-type barge to irregular waves when moored in the 
open ocean. 
Ships of conventional design seldom operate at  practically ze ro  speed in significant 
waves. Routine operation of this kind is restricted mainly to weather and survey vessels 
engaged in making certain observations and measurements. As a consequence, only a trivial 
amount of data has been published on the motions of ships in general at  zero speed. Zero-
speed studies of models in the laboratory a r e  difficult to conduct because of the requirement 
t o  eliminate wave reflections from the tank sides. Data on the behavior of moored ships, 
barges,  and special-purpose platforms is scarcer  even than that fo r  models. Nevertheless, 
the recent demands fo r  deep ocean construction underline the need for  knowledge in this area. 
The present study i s  intended to contribute pertinent information. 
Since i t  was necessary to a r r ive  at  some preliminary engineering estimates on the 
behavioral response of the barge being considered a s  a subject a s  well a s  to determine how 
f a r  these estimates might be  in e r ro r ,  i t  was decided to conduct a combination prototype, 
mode?, ar?d theoretical study. The nee6 to compare the results of prototxype meas~rer t -en t s  
with those obtained from model o r  theoretical calculations is obvious. On the other hand, the 
need for  conducting both a model and a theoretical study is perhaps not obvious and requires 
additional comment. Direct comparison of the model and theoretical results yields an 
indication of the limits of the linear theory of the overall investigation. Furthermore, both 
the model and the theoretical study permit  predictions to be made under carefully controlled 
conditions over a wide range of characterizing parameters,  whereas the prototype study is 
necessar i ly  limited to only a few situations of interest. 
h summary, the present study consists of: 
1, 	 Analysis of the measurements of the motions and forces  bduced on m h s t m m e n t d  
prototype barge by irregular waves a s  moored in the open Pacific Ocean in 
approximately 160 feetaf ivater off Saii Clemente Isiasi. 
2. 	 Analysis of the measurements of the motions and forces  induced on a dynamically 
similar reduced-scale model barge by i r regular  waves as moored in tank No. 2 
(75 by 75 feet) at  Stevens Institute of Technology, Hoboken, New Jersey. 
3. 	 Theoretical determination of the response of the barge t o  representative s e a  s ta tes  
by application of tne linear theory of shipsi motions. 
A study of the motion of a ship with 6 degrees of physical freedom excited by waves is 
a formidable problem for  which a complete solution has not yet been achieved. Moreover, 
maintenance of the historical position of the barge by means of the mooring restraints  fur ther  
complicates the immediate motion p r ~ b l e m .  
The endurance life of the moorings is dependent upon the long-term distribution of the 
stress variations. Therefore, a determination of the probable environmental level 
(excitation) to which the barge will be  subjected over a specified period will permit an 
estimate of the "maximum load response spectrum" to be made. 'This information together 
with a knowledge of the load endurance capability of the moorings provides a basis  from which 
the service life of the moorings cnn be evaluated. 
The present study is, therefore, a determination and comparison of "Lhe response of a 
construction-type barge moored in i r regular  waves a s  obtained from (1) prototype measure- 
ments, (2) model measurements, and (3) theory. It also includes a prediction of the probable 
excitation a s  obtained from the historical weather data and an evaluation of the performance 
of the moorings. 
THE PROTOTYPE 
The craft studied is a special-purpose construction-type platform serving a s  a missile 
recovery vessel a t  the Polaris "Pop-Up" Variable Depth Launch Facility. This t es t  facility 
is located on the northwest coast of §an Clemente Island 65 miles off the coast of Southern 
California (Figure I), Under the management of the Navd Ordnance Test Station (NOT$) it  
provides means for  conducting instrumented launching and retrieval of the missile in flight. 
NOT§ has designated the craft, the subject of this study, a s  Fishhook. 
10 0 10 20 
Graphic Scale 
in Statute Miles 
Figure 1. General location plan. 
The Fishhook, details of which a r e  shown in Figures 2 and 3, was built a t  the Long 
Beach Naval Shipyard, Long Beach, California, The hull outline is that of two standard 
(34 by 110 feet) Navy lighter barges  (YFNB) separated by a distance of 22 feet. Forward 
(toward the bow) of F r ame  5*, there is a catamaran center section which provides additional 
buoyancy, while aft (toward the s tern)  of F r ame  5 the barges  a r e  tied together by the 
structurail framework supporting the recovery mechanism. This open framework provides a 
center well which permi t s  the measurement of water level variation near the center of 
gravity. The composite platform supports a 185-foot recovery tower whose mass  distribution 
gives the Fishhook some unusual, if not unique, architectural characteristics.  As shown in 
Figure 2, the Fishhook has a length of 110 feet, an extreme breadth of 90 feet,  and a mean 
draft  of 5 feet. Other characteristics of the moored-barge system, including displacement 
(850 long tons), a r e  given in Table 1. 
The craft  is moored in approximately 163 feet of water by four 2-1/2-inch die-lock 
chains. These chains, which vary in length from 496 feet to 736 feet, a r e  anchored to stake 
piles implanted in the ocean floor by drilling and grouting. In addition, an 18,500-pound 
cast-iron sinker has  been attached to each mooring chain by means of a ground ring located at  
a point about one-third of the distance from the stake pile to the barge. The geometry of the 
moorings is given in Figure 4 and summarized in Table 2. (The dominant wind and wave 
directions fo r  the periods selected for  analysis a r e  a lso given in Figure 4.) The 2-1/2-inch 
die-lock chain has a proof breaking load when new of approximately 492 kips. (Further data 
on the mooring chains is presented in Figure 53.) It is sufficient to  point out here  that from 
measurements of the chain geometry, the total tension in the chains can be  calculated for  the 
equilibrium position and compared to  that measured when the craft  is in essentially calm 
water. From these calculations, the craft  can be displaced analytically, and the restoring 
fo r ce s  and moments calculated. The moorings a r e  ineffective against heave, pitch, and roll. 
A photograph of the Fishhook on location is shown in Figure 5. 
Data Pickup 
The location of dl1 recording instruments is indicated in Figure 2. Pickups were as 
follows: four chain tensions, seven accelerations, two angular displacements (roll and pitch), 
one wind velocity, three water levels, and three water pressures.  
*To aid in identifying locations on marine craft, i t  is customary to assign f rame numbers to 
the main structural ribs, beginning with 0 at the bow and numbering sequentially toward the 
stern. Distance between f rame numbers (as  shown in Figure 2) is approximately 7 feet. 
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anemometer 
wind speed pickup on port side; 
(wind direction p i c k p  on starboard side) 
I 
'I 
0 10 20 30 40 50 60 70 80 90 100 
Bow
-
End elevation 
instrument housing 
level pickup and subsurface pressure gage 
water level pickup and pressure gage 
accelerometers 
Note 
ater level pickup and 
subsurface pressure gage 
Drawing References 
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dimensions for construction of 
Fishhook barge model. 
1. YFN r50101-408144. Std 500-ton Lighter lnbd 
verfical accelerometer Profile Framing Struct & Dk Fittings & Details. 
2. ~.~.#173-199. Pop-up (Operation Fishhook) - Graphic scales 
Plan
-
General Arrangement. 1/8" = 1 1-0" 
Below deck ~ l a t i n g  3. ~.~.#173-153. Fishhook Catamaran -
Connecting Trusses. 0' [ 5' 10' 15' 20' 25'30' 35' 40' i l ~ ~ ~ l t l l I l 
Figure 2. Fishhook prototype barge - plan and elevation. 



Table I. Numerical Values of the Moored-Barge System 
Length, L 
Beam, B 
Draft, mean 
Vertical distance from center of buoyancy to center of gravity 
Vertical distance from f r ee  surface to center of gravity 
Vertical distance from center of gravity to keel 
Longitudinal metacentric height 
Transverse  metacentric height 
Displacement 
Weight, W 
Mass, m 
2Pitch moment of inertia, I = rnk 

Yo YO 

2Yaw moment of inertia, IZ 
= mkzo 
0 
2Roll moment of inertia, Ix 
= r n S o  
0 
Total roll moment of inertia (including added inertia 

due to fluid), Ix 

t 

Surge period, Tsurge 
Swag perid,  T 
sway 

Heave period, Theave 

Pitch period, Tpitch 
Natural roll  period, Troll 
Effective mooring system spring constants: 

Surge, kx 

Sway, k 
Y 

Yaw, kJ, 

Depth of barge 
110.00 f t  
90.08 f t  
5.00 f t  
17.28 f t  
14.95 f t  
19.95 f t  
167.50 f t  
180.00 f t  
850.00 long tons 
1. 870 x lo6 lb 
58.075 x 103 slugs 
1.296 x lo8 slugs-ft2 
=36.0 see  (model) 
~ ~ 3 6 . 0sec  (model) 
6 .1  s ec  
6.5 sec  
6.1 s ec  
1 

Sea State 
Sea state was measured at three locations (see Figure 2) relative to the barge by both 
water level gages and subsurface pressure pickups. The locations were those designated 
starboard stern, port stern, and center well. The water level gages consisted of two parallel 
f/16-inch-diameter steel wires spaced 1 foot apart. These wires extended vertically from an 
anchor on the ocean bottom through two sheaves to a suspended counterweight. As part of an 
energized electrical circuit, the wires sensed changes in capacitance due to variations in 
water level. Calibration was accomplished by raising and lowering the anchor wire assembly 
by certain fixed increments in calm water. The subsurface pressure pickups each consisted 
of a potentiometer-transducer a s  a pressure sensor to convert subsurface pressure 
fluctuations into an electrical signal. These pickups were suspended approximately 20 feet 
below the mean water level from the anchor wire assembly. Conventional in type, they 
responded to variations in the water level with an attenuation of certain components of the 
wave spectrum which i s  dependent on depth and easily determined from the calibration curve. 
Wave direction was not measured; rather, it was observed visually from the shore and 
neighboring barges. 
Ship Motion 
The angular displacements, roll and pitch, were measured by pickups each consisting 
of a wiper fastened to a f r ee  pendulum backed by a potentiometer such that, a s  the ship rolled 
or pitched, the pendulum tended to remain stationary while the potentiometer rode back and 
forth across the wiper. The wiper-potentiometer constituted an electrical circuit which when 
energized produced an electrical output proportional to the angular displacement. The 
pickups were located amidships, in the center well section near the vertical line passing 
through the center of gravity which i s  located 52.73 feet aft of the bow and 19,95 feet above 
the bottom of the craft. 
Ship Acceleration 
Acceleration was measured by seven linear accelerometers mounted in gimbals. Three 
were installed along the barge centerline 52.5 feet forward of the center of gravity to 
measure, respectively, acceleration in the vertical, longitudinal, and transverse directions. 
Two were installed on the centerline 42.4 feet aft of the center of gravity to measure 
acceleration in the vertical and transverse directions. Data from the pair of vertical and 
transverse accelerometers have been used to obtain the heave and pitch and sway and yaw 
spectra, respectively. Since the accelerometers were located on the centerline and mounted 
in gimbals, data from the longitudinal accelerometer could be used to obtain *e surge 
spectra. Contributions to longitudinal acceleration from pitching and yawing motions may be 
considered trivial. 
Two more accelerometers were installed on the port and starboard amidships centerline 
to measure acceleration in the vertical. Data from these two pickups have been used to 
obtain the heave and roll spectra, with the pitch contribution to vertical acceleration assumed 
to be negligible (i. e. , the pitch point being assumed a s  constant and located at  the amidships 
centerline), The accelerometers were mounted on plates welded directly to the inside skin 
plate of the barge or  to the structural framework as shown in Figure 2. In theory, dl 
accelerometers a r e  continuously sensitive over their design range. In practice, however, 
accelerations less  than approximately kO.01 g a re  hidden within the spurious "noise" signals 
of other instrument components. 
Mooring Forces 
Forces in the mooring chains were measured by calibrated links (2-1/2-inch die-lock) 
inserted in the chains (see Figure 6). Four strain gages were bonded to each link and s o  
arranged a s  to form an electrical bridge. The instmmented link was made part  of a 
three-link assembly consisting of two detachable links and the instrumented link in the center. 
This assembly after waterproofing and calibration in a static testing machine was incor- 
porated in the mooring chain. Calibration indicated that the relationship between electrical 
output and load was significantly linear over the range of forces encountered in this study. 
Periodically, the mooring lines were slackened by a barge crane to obtain a no-load reading 
a s  a means of defining the zero point on the mooring force record. 
The i~clinatinn of the chain from the vertical was not recorded continuously. However, 
it was measured periodically by means of a plumb bob md  an ordinary carpenter-type level, 
Wind Velocity 
Wind velocity was measured by means of a recording se lsy- type  anemograph located 
above the instrument housing a s  shown in Figure 2. The speed-measuring component i s  a 
ring to which are  fastened cups such that the incident wind causes a slight torque in the shaft 
holding the ring. This torque is reflected a s  a speed output in an electr icd circuit. A 
conventional vane is used as a wind-direction pickup with its output part of the same electrical 
circuit a s  the speed output. 
Current Velocity 
P 
Current speed was measured periodically with a Roberts meter. Current velocity at 
the surface was measured periodically both by visual means and by photography which 
recorded observations on floating debris such a s  garbage and wooden 
Data Transmission and Recording 
Data Transmission. Data transmission from all pickups, except wind, was by means 
of multiconductor waterproof electrical cables. These generally ran under the barge or  
through the flotation chambers to the center well and thence to the instrument housing. Data 
transmission from the wind pickup was self-contained within the anemograph (Bendix-Frieze).. 
gound ring 
Figure 6. Sketch of mooring-chain tension pickup. 
Data Recording. The data output of the wind velocity pickup was recorded on a direct 
writing-type oscillograph which was part of the anemograph. A facsimile of the wind data 
output i s  shown in Figure 7. The data output of the remainder of the pickups was recorded on 
two standard photographic-type recorders, a facsimile of which i s  shown in Figure 8. The 
oscillographs were operated during periods of high wave excitation and recorded up to 
19 channels of information to the same time base. 
THE MODEL 
Description 
Moored model tests  of the Fishhook barge were performed to obtain the time history 
records of motions, accelerations, and mooring line tensions under the action of surface 
gravity-type irregular water waves. A 1:32-scale model of the barge, shown in Figure 9, 
was built to the full-scale characteristics given in Table 3. 
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Figure 8. Facsimile of oscillogram of motions and forces for 7 February 1964. 

Table 3. 	 Characteristics of Fishhook Prototype Barge to Which the 
Model was Constructed and Ballasted 
Length on 14 stations 

Beam overall 

Beam on single hull 

Displacement (salt water) 

Mean draft 

Longitudinal center of gravity from bow 

Vertical center of gravity from barge bottom 

(required: 19,95 ft) 
Natural period of roll 
Natural period of pitch 
It should be noted that the vertical center of gravity (VCG), the longitudinal gyradius, 
and the natural pitch period do not agree with those required to simulate the full-scale 
prototype. Originally, the model was ballasted to the required VCG and the longitudinal 
gyradius; however, in that condition the natural pitch p e r i d  was much lower than required. 
It was decided to sacrifice the VCG and the longitudinal gyradius requirements and to ballast 
the model to the required period. Due to physical limitations in locating the ballast weights, 
a slightly lower pitch period than required was accepted. The locations of the accelerometers 
on the model a re  given in Table 4. 
Tests  
The model was tested in three positions with the waves approaching stern-on, off the 
starboard beam, and four points (45 degrees) abaft the port beam. Model positions and layout 
of the mooring lines with their spring constants and initial tensions are  given in Figure 10. 
Due to limitations in positioning the bridge carrying the model carriage, the model 
could not be located so  that the waves approached from four points abaft the starboard beam. 
It had to be located s o  that the waves approached from the port side. In order to simulate 
the conditions of waves approaching from starboard a s  f a r  a s  the mooring lines were 
concerned, the locations of the port and starboard lines were interchanged. The locations of 
the model and the wave probes a re  given in Figure 11. 
chain No. 16 chain No. 14 
k = 0.2'190 Ib/in. 
IT. = 0.85 Ib IT. = 0-70 Ib 
forward waves+-

chain No. 15 chain No. 13  
IT, = 0.76 ~b IT. = 0.77 1, 
forward 
chain No. 15 chain No. 16 

k = 0.1491 Ib/in. k = 0.0825 Ib/in. 

IT. = 0.76 Ib 1IT. = 0.85 Ib 

Model position B 
I_L--L- - -A  L---I waves 
~srarwoorovault l j  
chain No. 13 chain No. 14 
k = 0.0895 Ib/in 
IT. = 0.77 Ib 
chain No. 13 

k = 0.0895 Ilb/in, 

0.77 Ib A c chain No. 14 
chain No. 15 IT. = 0.78 Ib 
k = 0.1491 Ib/in. 
-- IT, = 0.76jb 
chain No. 16 
Legend -- ~ o t e  
init@l tension - - - Model rnoorifig lines (Ti, T2, ete.) 
k = model spring constant correspond to prototype chain con- 
TI,  T2, etc. = model mooring lines nections (No. 13, 14 etc.) for each 
-- .-- of the three positions of the model. 
Figure PO. Mooring-line layout for the three positions of the model. 
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W l ,  	w2, w3: 
wave probes 1 ,  2, and 3, respectively 
wave machine end 
-
n 
Tank No. 2, 75' x 75' 
32.6' -
31.7'-
24.4' a-
%==-31.5' 
Figure 11. 	 Location of model and wave probes in tank No. 2, 
Stevens Institute of Technology, Hoboken, New Jersey. 
Table 4. Locations of Accelerometers on the Model 
Acceleration From Midship From Centerline Above Deck 
Bow vertical on centerline 
Stern vertical on centerline 
Por t  vertical 
Bow longitudinal on centerline 
Stern longitudinal on centerline 
Po r t  longitudinal 
Bow transverse 
Stern t ransverse 
Po r t  t ransverse 
The i r regular  waves used in the tes t  had an average equivalent prototype height of 
3.1 fee t  and a period of 6.2 seconds. This corresponded to a s ea  state 4 (Neumann wind 
velocity model). Measurements were recorded by a direct-writing eight-channel oscillogsaph 
and on a nine-channel magnetic tape recorder.  A facsimile of the oscillogram for  one run is 
shown in Figure 12. Calibration constants were noted directly on the oscillogram paper and 
on the voice channel (Channel No. 1) of the magnetic tape. Since 22 measurements were 
required ( 3  wave probes, 6 linear displacement pickups, 4 dynamometers, and 9 acceler-
ometers), i t  was necessary to reproduce the identical wave record. To provide a check on 
the reproducibility of the generated random irregular exciting wave, two of the wave probes 
and the heave pickup were monitored during each run. Four runs were required to record 
each of the pickups at  least once. 
Motion picture film (16-mm) was taken of the model with the waves approaching f rom 
four points abaft the port beam. 
ANALYSIS OF PROTOTYPE AND MODEL DATA 
The time se r ies  technique is the basis  for  the analysis of the experimental data. Though 
complicated, this technique is widely documented in the related literature. The calculation of 
spectra  and cross-spectra constitutes an essential f i r s t  step in the analysis of any time 
s e r i e s  data. Any further reduction of the data can be referred to this basic calculation. 
Therefore, only a brief outline of the formulation of the method is given here. 
Consider a s e t  of functions of time, x (t), y (t), z (t), . . . In the immediate problem, 
these are water level variations, chain tensions, accelerations . . . The se r ies  to be 
considered is not the continuous functions x (t), y (t) , z (t), but rather certain discrete se t s  
of observations obtained from them, one observation fbr  every time unit, which in this 
problem is approximately one observation per  second in rea l  time. Thus, consider a se t  of 
p s e r i e s  of n observations. Initially, the means, <x>, <Y>, <z>, . . . , of the se r ies  a r e  
calculated. Then the lagged auto- and cross-covariances of the se r ies  a r e  calculated. 
Auto-covariance for  lag, I = 0, 1, 2, . . . m, i s  
Cross-covariance of x (t), y (t), fo r  lag, B = 0, 1, 2, . . m, is 
r 1 .Om trough wave 1 
1.O1' crest w 
j- 1 .OM trough wave 2 
1 .O" crest 
heave 
4 O  bow down 
O starboard down roll 
,-- 5" aft surge 
Y .V. . . - . l "  
Figure 12. Facsimile of oscillogram of model measurements. 
From the auto-covariance, the spectra may be calculated 
which is seen to be  the Fourier transform of the auto-covariance. 
From the cross-covariance, the cospectrum and quadrature cross-spectrum may be 
calculated, a s  from Goodman (1957), 
where b(k) = 1/2 when k = 0 and is unity otherwise. 
The cospectrum is thus the cosine transformation of the real  part of the 
cross-covariance, while the quadrature spectrum is the sine transformation of the imaginary 
part of the cross-covariance. Thus, the spectra and cross-spectra may be computed for 
k = 0, . . .  m. 
A fundamental assumption of the method is that the process is stationary (i.e.,  an 
ensemble c?f time f u ~ c t i ~ n s  - is said to be stationary if any- o r  random processes 
translation of the time origin leaves its statistical properties unaffected). However, it has 
been emphasized by others (e. g., Ttlkey, 1961) that the mefnod is icsensitive to depart-cres 
from stationary. In any event, the quantities can be computed and the question of the meaning 
of these quantities (i. e. , in relation to the true quantities) will not be discussed in detail. 
It is sufficient to point out that X(k) measures the proportion of the total variance 
(power) of xt due to  frequencies in a band, centered about k/2m cycles per time interval. The 
cospectrum and quadrature cross-spectrum are used to obtain the coherence R(k) and the 
phase 8 (k) defined by 
8(k) = arc  tm -::;I 
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R(k) is a measure of the strength of association between the two s e r i e s  in the k g  band in a 
fashion analogous to that in which a correlation describes the strength of association between 
two random variables. The phase 9(k) describes the phase lead o r  lag of the y s e r i e s  
relative to  the x s e r i e s  at the frequency k/2m. 
In summary, the principle of linear superposition is used a s  a device for breaking down 
the complex records into simple elements. The i r regular  records a r e  regarded a s  
approximately the sum of a number of regular sinusoidal components in random phase 
relationship. By use of the proper "correlation" functions and transforms, the variance in an 
i r regular  wave record is isolated into particular frequency bands. Since the analysis is 
statistical in nature, answers a r e  obtained only with a certain probability. Thus, Blackman 
and Tukey (1958) give the probable distribution (chi-square) of the X(k) if the x(t) a r e  
independently distributed according to a standard normal distribution. This distribution is 
used t o  obtain the well-known confidence limits. 
Prototype Data 
Continuous measurements on the instrumented Fishhook barge of 60, 30, and 55 minutes' 
duration recorded, respectively, on January 22. February 7, and March 4, 1964, were 
selected for  analysis. Preliminary calculations indicated that the Nyquist o r  folding frequency 
was slightly greater  than 2 seconds. Thus, a digitizing interval of 1 second was employed 
f o r  the reduction of the prototype data, This resulted in 3,601, 1,801, and 3,301 time 
stations fo r  the January 22, February 7, and March 4 records, respectively. Excluding the 
wind records, 19 channels were recorded on January 22 and February 7, while 15 were 
recorded on March 4. The number of data points to be  handled simultaneously was 68,411, 
27,015, and 62,719 for  the January 22, February 7? and March 4 data, respectively. 
To clarify the magnitude of the computations required to determine the minimal 
information necessary t o  specify the resulting 19-component, matrix-valued, cross-spectral 
density function, the following enumeration of solution cases  is  cited. The complete solution 
fo r  each wave length requires  a total of 19 x 19 = 361 solution-numbers. Since the data 
recorded included three different headings of the barge relative to the oncoming waves a s  well 
as three different s e a  states,  and since resolution required computation for  60 different wave 
lengths, the solution-numbers total 3 x 3 x 60 x 361 = 194,940. This manner of stating the 
task suggests that t ime se r ies  analysis of records of this magnitude should be attempted only 
on the very fastest  computing systems. 
Model Data 
Limitations in the recording system for  the model tes ts  required four separate test  
periods for  each direction of barge heading. Each tes t  period was of the order  of 10 minutes9 
duration. From the 13 tes t  runs (one extra  fo r  the wave measurement without the barge), 
approximately 3,000 time stations of eight channels each were selected for  analysis. As in the 
case of the prototype, the magnitude of the data processing effort appears to have been without 
precedent, a t  least  in the case of ship motion studies. Information was recorded on a 
direct-writing brush recorder  a s  well a s  on magnetic tape in analog fashion. The magnetic 
tapes were then digitized through the courtesy of the Statistical Research Laboratory, 
New York University. An unfortunate misunderstanding of the desired digitizing interval a s  
well as a misinterpretation of the calibration signal fo r  the range of data required a laborious 
hand correction of the peaks in certain of the time histories. Eventually, i t  became 
necessary to discard 90 percent of the digitized data, since the digitizing interval was 
excessively fine. From this remaining raw data, all possible spectra and cross-spectra were 
obtained, of which only a smdll percentage is reported on herein. 
BASIS OF THEORETICAL ANALYSIS 
Genera1 
The model used in the theoretical analysis was assumed to be a rigid body with zero  
forward speed, spread moored by the four mooring lines. It was considered a s  being situated 
in a currentless,  windless sea, 165 feet deep, and exposed to regular long-crested sinusoidal 
waves of unit amplitude with fixed frequency and selected headings. Waves with the frequency, 
period, and length indicated in Table 5 were considered. 
The theory used is a modification of the deep water theory proposed by Kaplan and Putz 
(1962). The craft had the usual 6 degrees of freedom: 3 translational (surge, sway, and 
heave) and 3 rotational (roll, pitch, and yaw). A complete development of the theory and i ts  
application to  the barge under analysis is given in Appendixes A, B, and C. 
Basic Assumption 
The basic assumption is that of linearity. Specifically, i t  is assumed that in the 
absence of excitation the ship motion can be described in t e rms  of homogeneous, second-order, 
l inear,  differential equations with time a s  the independent variable. An excitation te rm is 
added to the homogeneous equations a s  a "right-hand-side term, " which in the present case 
is sinusoidal. 
In accordance with the linear theory, it is assumed that there is no coupling between 
the variables in the two planes of motion; that is, those longitudinally in heave, pitch, and 
surge and those laterally in sway, yaw, and roll. However, the longitudinal motions a r e  
coupled with each other and, similarly, the lateral motions a r e  coupled with each other. 
A fundamental analytical tool in carrying out the prediction of the motions of 
moored-ship systems is the slender body theory. Essentially, this theory makes the 
assumption that, f o r  an elongated body where a transverse dimension is small  compared to  
i t s  length, the fluid flow at  any c ross  section is independent of the flow a t  any other section; 
therefore, the flow problem is reduced to a two-dimensional problem in the transverse plane. 
The force is found by integrating the pressure over the length of the body. 
Table 5. Wave Period, Frequency, and Length Used in Theory 
Equations a r e  formulated by the balance of inertial, damping, restoring, exciting, and 
coupling forces  and moments. Hydrodynamic and hydrostatic fluid effects, together with body 
inertia and mooring influences, a r e  included in the analysis. 
Inertial Forces  
The forces  exerted by the ship in accelerating the surrounding water give r i se  to equal 
and opposite forces  by the water on the ship. These a r e  termed inertial forces  and, 
correspondingly, inertial moments. Since they a r e  proportional to acceleration, they a r e  
usually expressed in t e rms  of a fictitious added mass. The total inertial force has 
components in all three directions of translation and rotation. 
Damping Forces  
Damping forces  involve the dissipation of energy and a r e  due to wave generation, 
viscosity, and eddy-making. Except in the case of roll, damping due to wave generation only 
is considered in this study. Total damping force, like inertial force, has  components in all 
three directions of translation and rotation. 
Hydrostatic Restoring Forces  
Hydrostatic restoring forces  result  from the buoyancy effect arising from static 
displacements. Total hydrostatic restoring force has a component only in the vertical, o r  
heave, direction. The hydrostatic restoring moment has components only in the roll and 
pitch directions. 
Mooring Restoring Forces  
The mooririg hype of restering force h2s been added, in the case ~f the nmored barge 
under analysis, h addition to the hydrnstatic restoring force which is always present in the 
case of a barge in water. The mooring restoring force is effective only in surge, sway, and 
yaw. While i t  is present  in the three remaining modes (heave, pitch, and roll), i t  is not 
generally significant in relation to  the hydrostatic restoring forces. The mooring restoring 
forces  and moments a r e  assumed to be linear functions of displacement in surge m d  sway a s  
well a s  in yaw, respectively. This assumption of linearity is a proper one for  the small 
displacements encountered in the prototype tests. It is valid so  long a s  the level of excitation 
is relatively low, However, when the excitation attains a certain level and the displacement 
becomes large, the nonlinear character of the restoring forces  is responsible fo r  the 
appearance of the phenomenon of subharmonic response. Under these conditions, the basic 
assumption of this theoretical study, i. e. , linearity, is no longer valid. 
Excitation Forces  
The excitation forces  a r e  due to  the waves which excite the barge and generate all of the 
preceding forces  and moments. They a r e  assumed to be sinusoidal in nature and have 
components in all three directions of translation and rotation, although some of these 
components vanish at certain headings of the barge relative to the incident. wave direction. 
Since the barge was assumed to be  situated in a currentless,  windless sea, only surface 
gravity waves were considered. 
Equations of Motion 
The foregoing paragraphs describe four main categories of forces considered in the 
analysis: inertial, damping, excitation, and restoring, En case of the latter, the hydrostatic 
and mooring forces  a r e  combined. On this  basis,  six equations of motion, one for  each 
degree of freedom, a r e  written a s  follows: 
. i d m w 
rnx 
O 
= Fx + Fx + Fx + Fx 
(sway) 
(heave) 
(roll) 
(pitch) 
where m(1) = mass (inertial moment) sf the ship 
F = force 
M = moment 
with subscripts on the F's and M's indicating components, and superscripts indicating the type 
of force or  moment according to the following notation: 
i = inertial 
d = damping 
h = hydrostatic restoring 
m = mooring restoring 
w = wave 
x = surge 
y = sway 
z = heave 
gS = roll angle 
8 = pitch angle 
$I = yaw angle 
Acceleration is indicated by the second derivative symbol ( * * )  above the motion symbol, for 
example, 
The equations of motion consist of linear combinations of terms which vary in time and 
a re  pruportiond to acceleration, velocity, and displacement. Each of the terms contains 
certain coefficients which require evaluation. 
Solution of the Equations of Motion 
Through appropriate manipulation, the simultaneous equations for the longitudinal 
motions (heave, pitch and surge) a re  evolved in the form of a matrix equation with compiex 
entries. Solution for motions in 3 degrees of freedom is obtained by multiplying an inverted 
3 by 3 frequency-dependent matrix by the matrix representing the excitation, which is both 
frequency- and direction-dependent. By varying the value of the frequency and direction, 
responses a r e  calculated in the form of amplitude and phase relative to a unit amplitude of 
excitation. When these responses a re  expressed a s  a function of frequency, they are  known 
a s  "linear directional complex response operators" or  simply "response operators. " 
The same procedure is followed in the case of the lateral motions. 
The complex form of the response operators permits calculation of the phase 
relationship a s  well a s  the relative &solute amplitude, 
Results of the theoretical analysis a r e  given in the appendixes and also in the section 
which compares prototype, model, and theoretical results, 
RESULTS OF THEORETICAL ANALYSIS 
The complex response operators for  the longitudinal motions are  shown in Figure 13. 
Those for the lateral motions appear in Figure 14. 


Detailed comments concerning the amplitude resul ts  a r e  presented in the next section, 
Comparison of Prototype, Model, and Theoretical Results. Qnfy the phase results are 
discussed at  this point. Within the normal frequency range of s ea  and swell, peak amplitudes 
in the time histories of surge and heave a r e  shown to lead peak amplitudes (crests) in the 
time history of the surface water displacement by approximately 90 degrees. 
Pitch, on the other hand, is shown to  lead the wave c r e s t  by from 135 to 180 degrees. 
This agrees  with the results obtained from other ship motion studies, notably that of 
Canham e t  ale (1962). 
For  the la teral  motions in beam-on seas, sway tends to lag wave crest  by from 160 to 
90 degrees,  and then Pead wave c res t  a t  a ra ther  constant 90 degrees at  the higher 
frequencies. Roll tends to lead and then lag the wave c res t  by a ra ther  constant angle of 
165 degrees  except a t  a barge length-wave length ratio near 1.0, where the phase angle 
changes from lead to lag. 
In quartering seas,  maximum yaw tends to  f i r s t  lead and then lag the wave crest,  again 
changing from lead to lag at a barge length-wave length ratio of approximately 1,0. 
COMPARISON OF PROTOTYPE, MODEL, THEORETICAL RESULTS 
General 
A comparison of prototype, model, and theoretical resul ts  is presented in this section. 
The categories for  which comparison is made a r e  (1) excitation, (2) response, (3) response 
operators,  and (4) phase and coherence. 
Excitation 
P r~ to type .  Excitation in the yro to t - j~e  cnnsisted nf winds, c ~ r r e n t s ,md  szrface 
gravity waves. Of these, waves were the dominant means of inducing motion of the barge. 
A summary of the wind data  for  the three periods under study is given in Table 6. The 
wind record for January 22 is very similar to that fo r  March 4, a facsimile of which is shown 
in Figure 7. The wind record fo r  both these days contained many gusts in contrast to the 
record for  February 7, which indicated an almost steady wind speed of 6 knots. The mean 
wind speeds for January 22 and March 4 were 19,O and 20.9 knots, respectively. Spectral 
distributions for  the wind records a r e  shown in Figure 15, These computations were based 
on a lengthy record (up to 4 hours) digitized at  a 4-second interval. 
The wind gust period band is generally in excess  of 1 minute. The amplitudes of the 
gusts  a r e  small relative to the mean wind speed and hence unimportant. (In this context, 
"gust" is used to indicate instantaneous departures of the wind speed from i ts  mean. The 
gust period is a measure of the length of t ime between successive ordinate up - or  down -
crossings of the instantaneous wind speed with the me a n )  The standard deviations a r e  
3.0 and 2.0 knots fo r  January 22 and March 4, respectively. Since the wind pickups (direction 
and speed) were mounted on the barge, the records also contain a factor based on the relative 
motion of the barge. 
Table 6. Summary of Winmd Data 
The drag force induced on the tower and barge by the winds is unknown, but i s  likely to 
be considerable. The effect of the mean wind velocity is simply to displace the craft from its 
equilibrium position, thereby changing the initial tensions in the mooring chains. The effect 
of the gusts, however, is to induce not only changes in the mooring chain tensions, but the 
motions a s  well, notably roll and pitch and either sway or  surge. Fortunately, the gust 
period is decidedly different from the wave period. Additional discussion on these effects will 
be given later, 
Period (sec/cy) 
Frequency (cy/sec) 
Figure 15. Spectra of wind speeds. 
Currents were not measured since the barge was evacuated during periods of relatively 
high wave disturbance that occurred during the periods selected for  analysis. However, 
during periods of relative calm, maximum currents of up to 3 knots were measured. Current 
measurements could be related generally to the tides. No quantitative data is given here; 
periodic observations were entered in the rough log only. The effect of the currents was to 
displace the barge from i ts  equilibrium position, thereby changing the initial tensions. Since 
the maximum duration of the test periods was 55 minutes, the relatively slow changes in the 
currents had little effect on the other measurements. 
The spectral distributions of the measured water surface variation (waves) are given in 
Figure 16a through c for January 22, February 7, and March 4, respectively. The three 
curves for January 22 and February 7 represent the spectra computed for  measurements 
recorded from pickups at  the three different locations (i. e. ,  port stern, starboard stern, and 
center well). Only the center well wave gage was operative on March 4. The dominant 
directions in azimuth angle and relative to the barge, f l  ( #I= 0" corresponds to stern-on), 
are noted on the graphs of the figure. For comparative purposes, the spectra for sea states 
3 and 4 according to the Neumann model for wind velocities a re  given in Figure 16e. The 
excitation for all days was relatively low, never being above a sea state 3. It is obvious that 
these spectra a re  only qualitative estimates of the excitation since the continuous water level 
variations upon which they are  based dlso contain the reflected waves generated by the barge. 
The separation of these two wave systems was precluded by an incomplete knowledge of the 
barge damping characteristics as  well a s  by certain limitations imposed by the computing 
scheme. 
January 22 Data: The range of significant periods i s  from approximately 2.5 to 
8 seconds, with the period of maximum energy (peak) varying from 3 . 8  to 4.6 seconds. The 
shapes of the spectra a r e  ill defined; their broadbandedness i s  indicative of a confused sea. 
From the pertinent wind record, the wind velocity i s  of the order of 17.0 knots from an 
azimuth of 300 degrees. The waves were observed visudlly to be approaching from an 
azimuth of approximately 320 degrees. Putting these facts together, it may be concluded that 
the sea, a s  described by Marks (Kaplan and Putz, 1962), was between states 1 and 2. 
February 7 and March 4 Data: These spectra exhibit. marked narrowbandedness with 
peaks concentrated at  approximately 3.5 secondst period. The shapes of the spectra a re  well 
defined and suggest that the wave system was highIy directionalized. The wind velocity was 
6.0 knots from a direction of 90 degrees on February 7 and 20.7 knots from a direction of 
315 degrees on March 4. The waves were observed to be approaching from an azimuth of 
50 degrees on February 7 and from 360 degrees on March 4. Sea on both days may be 
as 2. 
Mtliough the !eve! ~f excitztien was lev?, the response ~pera tn rsto be derived from 
these measurements a re  invariant relative to the excitation level according to the linearized 
theory. Thus, the prototype measurements taken during these relatively low levels of 
excitation a re  equally a s  useful a s  those taken during p e r i d s  of intense activity. 

The foregoing deals with storm waves in the usual frequency band of interest. Previous 
mooring force studies (OrBrien and Nluga, 1963 and 1964) indicated that long-period waves 
might induce mooring line tensions of considerable importance. Pursuant to this possibility, 
subsurface pressure pickups were installed at  the locations indicated by Figure 2. The 
spectra of the time history records are shown in Figure 17. Note that certain long-period 
waves a re  indeed present, although of low amplitude. Since the high-frequency components of 
the wave spectrum are attenuated with depth, the long-period wave components a r e  accen- 
tuated, even though the resolution at  these frequencies is inadequate. 
The long-period waves (greater than 2 minutes) a r e  usually associated with the 
harmonics of the natural period of oscillation of the offshore basin. 
Model. Excitation in the model consisted only of surface gravity waves. Spectrd 
distributions of the time history records for  the three measurement locations are shown in 
Figure 16d. The time history records were first extrapolated to prototype conditions 
according to the Froude scaling laws. The spectra of the model when compared with 
Figure 16e correspond to a sea state 4. No long-period wave was present during the model 
tests. 
Theory. The excitation employed in the theoretical model i s  assumed to consist of 
unidirectional long- crested waves of unit amplitude. No winds or currents a r e  considered. 
In summary, the relative excitation due to waves was much higher in the model 
(sea state 4) than in the prototype (sea state 3). The character of the excitation was different 
in that the prototype was excited by long-period waves whereas the model was not. In 
addition, the prototype was subject to excitation by winds and currents, whereas the model 
was excited only by surface gravity, waves. 
Motion Response 
The motion response of the barge to the excitation in the various modes i s  indicated by 
the spectra of the time histories. These records correspond exactly in time to those used in 
computing the spectra of the excitation. Since the motions are  functions of the exciting wave 
direction, and since the incident wave direction varied from test period to test  period, 
comparisons of the response motions without due regard for both the wave direction and 
intensity level of excitation are  meaningless. The spectra of the response measurements a re  
presented mainly to give a broad perspective of the order of magnitude of the amplitudes and 
periods of motion of the barge. 
In the case of the prototype, the spectra of the motions in heave, sway, and yaw can 
be determined only indirectly from selected pairs of acceleration records a s  derived in 
Appendix C. The surge motion is also determined indirectly from the spectra of the 
longitudinal acceleration record by dividing each ordinate by w4. Carbr ight  (1963) notes 
that this procedure may be deficient. 
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Figure  17. Spectra of subsurface p ressure  measurements.  
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Surge - Prototype. The prototype spectra of longitudinal acceleration in surge for  the 
3 days a re  shown in Figure 18. The sharp spike near the origin i s  due to a long-period 
oscillation in the acceleration record. Since the record was of finite duration, adequate 
resolution in this period band could not be obtained. In addition, background noise of the 
recording system constituted a large percentage of the measured response. 
In some cases a sharp spike near the origin i s  due to a s inusoibl  o r  linear drift in 
the electronics. This possibility was eliminated a s  a causative factor by careful monitoring 
of the power source during recording periods. In order to account for the presence of long- 
period oscillations, it i s  useful to review certain kinds of motion. 
Figure 18. Response spectra of longitudinal acceleration measurements 
(bow), Fishhook prototype barge. 
From the resume, in the form of a table, prepared by Stoker (1958)which compares the 
characteristics and properties of l inear  and nonlinear systems, the following salient fac t s  
concerning the motion of the barge under various assumptions have been extracted. Various 
special cases  a r e  not included. 
1. 	 Linear Systems 
A. 	 Without damping 
1. 	 Free oscillation: Motion is simple harmonic. 
2. 	 Forced oscillation: Motion is a superposition of simple harmonic (free) 
and a forced oscillation having the same period a s  forcing function. If 
f r e e  and forced periods a r e  equal, resonance results. 
B. 	 With damping 
1. 	 Free  oscillation: Motion is damped out exponentially. 
2. 	 Forced oscillation: Motion is a superposition of a f ree  oscillation which is 
damped out exponentially and a forced oscillation with a frequency equal to 
that of the forcing function. 
11. 	 Nonlinear Systems 
A. 	 Without damping 
1. 	 Free  oscillation: Motion is periodic but not simple harmonic. 
2. 	 Forced oscillation: General motion is unknown, but many types of periodic 
motion (subharmonics, etc.) exist. 
B. 	 With damping 
1. 	 Free oscillation: Motion is damped out. 
2. 	 Forced oscillation: General motion is unknown. 
Thus, in the case of l inear systems without damping, the craft tends to: (1) oscillate 
about i t s  own natural period when freely excited, o r  (2) oscillate about a superposition of i ts  
natural period and the forcing period under forced excitation. In the latter case, when 
damping is present, the craft tends to oscillate about a superposition of the f ree  oscillation, 
which is damped out exponentially, and of the forced oscillation. As the time, t, increases, 
the response period approaches and eventually is equal to the period of the forcing function. 
In the case of nonlinear forced systems with and without damping, the general motion is 
unknown, but many different types of periodic and nonperiodic motions have been observed. 
One particular motion of interest is that of subharmonic response, a s  described for  example 
by von d r m &  (1940), Den Hartog (1947), and Stoker (1950). 
In the Fishhook prototype barge, the mooring restoring forces  a r e  nonlinear functions 
of displacement; hence, the system is nonlinear. In addition, certain long-period wave 
components were known to be present a s  detected by the subsurface pressure pickups. Thus, 
the long-period spike in the acceleration spectra, Figure 18, is due to (1) l inear response of 
the barge to surface gravity waves of long period characteristic of the offshore basin and 
(2) subharmonic (nonlinear) response of the barge to surface gravity waves having periods in 
the normal range of sea  and swell. 
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The spectra of the prototype response in surge displacement a re  obtained by dividing the 
longitudinal acceleration spectra by w4. The acceleration spectra should be highly resolved 
by passing them through a narrow-band filter before carrying out the division. However, the 
volume of data to be analyzed within the budgeted time and cost frame dictated a compromise 
in the degree of resolution. 
Thus, since the recording periods were of finite duration, emphasis was placed on 
obtaining a satisfactory degree of resolution applicable to the frequency band corresponding to 
the dominant exciting wave period and compatible with the digitizing interval. With this in 
mind, the displacement spectra in surge for  only the frequency band of interest shown in 
Figure 19 were obtained. The period of maximum energy was approximately 5,9 seconds. 
The spectra tend to be narrow banded and similar for  at least two of the days. The greatest 
response in surge occurred when the excitation was lowest (January 22) and when the waves 
were observed to be almost beam-on. The stern-on waves (February 7 )  produced almost no 
surge motion. No rational explanation could be found for this apparent discrepancy. 
Surge - Model. The spectra of the surge response motion for  the model for  the three 
conditions of barge orientation with respect to the incident wave are  presented in Figure 20a. 
Note that the spectra a re  binodal and that most of the energy i s  distributed in the long-period 
or  low-frequency portions. No comparable long-period surface gravity waves were generated 
in the model basin. In addition, the coil springs employed to simulate the moorings were 
linear for up to 6 inches1 amplitude about the mean (initial) tensions. Maximum amplitude 
experienced in the test runs amounted to only approximately 3 inches. Thus, the mooring 
restoring forces in the model were definitely linear. The barge tended to respond in the 
surge, sway, and yaw motions about a frequency characteristic of the mooring configuration. 
This characteristic period was from four to nine times the period of the fundamentai exciting 
wave ((27 < 36 5 54) versus (6.1 <_ 6.4 < 6.8)). The resolution in terms of period at  the lower 
frequencies is not precise, a s  shown above. The characteristic period of the model barge in 
surge i s  thus found to be 36 (27 5 36 < 54) seconds. This compares with a prototype period of 
approximately 30 seconds a s  obtained from the chain tension response operators. 
The prototype was known to have nonlinear restoring forces whereas the model had 
linear restoring forces. The damping forces a re  due to wave generation, eddy-making, 
and/or viscous (or other drag-related) effects. The contribution from viscous damping (for 
all motions) is generally considered to be negligible for  most normal ship forms. However, 
fo r  large beam-draft ratios, i t  seems reasonable to assume that viscous effects acquire 
greater importance, particularly in the present case. Since the absolute velocities a re  
smaller in the model than in the prototype, the viscous-damping coefficients and hence the 
forces tend to be relatively larger in the model. In addition, if the viscous-damping forces 
were nonlinear, they would be relatively more pronounced in the model than in the prototype. 
In either case, linear or nonlinear, a rational explanation for the response at a frequency 
other than the frequency of the exciting forces may be developed. In undamped o r  slightly 
damped linear systems, it is due to the characteristic period of the mooring configuration. 
In damped or  undamped nonlinear systems, it is due to the phenomenon of subharmonic 
response. 
The influence of these differences in damping and restoring f orees i s  difficult to assess. 
The damping forces, if nonlinear, tend to be more pronounced in the model than in the 
prototype. On the other hand, the mooring restoring forces were definitely nonilinear in the 
prototype but not in the model. 
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Figure 19. Response spectra of surge displacement, Fishhook prototype barge. 

Previous studies (BPBrien and Muga, 1964) have postulated the existence of undetected 
long-period low-amplitude exciting waves to account fo r  the long-period oscillations in certain 
motions. It is now definitely established that such long-period oscillations may a r i se  in both 
linear and nonlinear systems in the absence of exciting waves of corresponding period. 
The influence of exciting wave direction may be observed in Figure 2Oa. The stern-on 
waves produced greatest response in surge, beam-on waves the least. In contrast to the 
prototype observations (January 22 and February 9 ) ,  this resul t  is the one normally expected, 
Heave - Prototype. The prototype barge response spectra  for heave for  the 3 days a r e  
shown in Figure 21. Two sets  of records a r e  available: one i s  derived from the pair of bow 
and s te rn  vertical accelerometer records, the other se t  f rom the pair of port and starboard 
vertical accelerometers. In the former, pitch is coupled with heave, whereas in the la t ter  
roll  is coupled with heave. Thus, fo r  the f i r s t  t ime in the history of ship motion studies, a 
check on the method of obtaining the heave spectra  is available. Considering the low level of 
excitation and the signal noise of the recording system, the comparison i s  extremely good. 
Roll and pitch may be checked independently against the spectra  of time histories of roll  and 
pitch a s  measured by the pendulum-type gages. The same comments given on the method of 
obtaining the displacement spectra from the acceleration spectra  in the case of surge also 
apply i n  the case of heave. The pair of bow-aft accelerometers consistently yielded la rger  
values of the spectral ordinates than did the starboard-port accelerometers. 
The period of peak maximum energy in heave fo r  January 22 and March 4 is 
approximateiy 6.6 seconds, which compares with the natural period in heave of 6 .1  seconds. 
A secondary peak of approximately 4.2-seconds' period is shown by the spectra of March 4. 
This period band corresponds to the period of maximum peak energy for  the February 7 
record. The differing directions of the incident waves do not seem to  explain this behavior 
except indirectly. The level of response in heave was substantially lower fo r  February 7 than 
for  the other 2 days in spite of the fact that the level of excitation did not follow the same 
trend. Thus, no definite explanation for  the response in heave at a period of approximately 
4 . 2  seconds for  February 7 could be established. 
Heave - Model. The heave spectra obtained from the model results a r e  given in 
Figure 20b. The period of peak energy density is approximately the same a s  for the proto- 
type; i. e . ,  6 .0  seconds. The shape of the model spectra  in heave is very similar in 
appearance to that of the prototype spectra. Whereas no definite conclusions can be 
formulated regarding t rends of response versus  wave propagation direction in the prototype, 
the model resul ts  suggest that the beam-on waves tend to indllce the greatest response. Since 
the heave motion is not greatly affected by the moorings, r,o long-period components a r e  
present in the response spectra. This contrasts sharply with response of the craft in surge. 
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Figure 21. Response spectra of heave displacement, Fishhook prototype barge. 
Pitch - Prototype. The prototype response spectra  in the pitch mode a s  obtained from 
the accelerometers and pendulum-type gage attached to the prototype barge a r e  given in 
Figure 22. Note that the spectra  indicate that the gage was almost insensitive. This was 
confirmed by field observations, and although the gage was overhauled on numerous 
occasions, i t  continued to remain relatively insensitive to  the barge motion in pitch. 
Figure 23 compares the pitch spectra a s  obtained from the acceleration records. The 
influence of incident wave direction casts  some doubt on the credibility of the field obser- 
vations relative to wave direction. The greatest response (January 22) occurred when the 
waves approached from the beam-on direction (when the excitation was lowest). Minimum 
response (February '7) occurred when the waves approached from a stern-on direction. The 
period of maximum energy (6.3 seconds) for  all 3 days was very close to the natural period 
in pitch of 6 .5  seconds. 
Pitch - Model. The model response spectra in pitch a r e  shown in Figure 20c. The 
trend of response is decidedly different from that of the prototype. The stern-on seas  
produce the greatest response and the beam-on s ea s  the least. The influence of direction is 
apparent. The period of peak energy 'is 6 .1  seconds, which is slightly lower than that in the 
prototype. However, i t  should be recalled that the natural period in pitch of the model was 
accepted a s  6.1  seconds instead of the prescribed 6.5 seconds because of the difficulty 
(physical limitations) in locating the ballast weights. Thus, what appears to be a slight 
discrepancy is in reality a confirmation of the accuracy and care  of the experimental work in 
the laboratory, including the computations and measurements. No long-period waves were 
present in any of the pitch spectra. 
Sway- Proto$pe. T%- Q of prototype respoiise iii sway acceleration are giveii in II t: ~+ t :~ t l--A-
Fiml r e  24a, These spectra were obtained dong  with the yzw accelerztinn spectra frnm the 
- -0--
t ransverse pair  of accelerometers located at the bow and the stern. Thus, the method of 
obtaining the sway and yaw acceleration spectra is similar to that employed in the case of 
heave and pitch and heave and roll. It differs from the case of surge motion where a 
strategically placed accelerometer measured the surge acceleration directly. However, the 
sway displacement response spectra, Figure 24b, a r e  very s imilar  to the surge displacement 
response spectra  (Figure 19), and the remarks given for  surge response apply also to sway 
response. Notice that a sharp spike appears near the origin of the sway acceleration response 
spectra, Figure 24a. Since this portion of the acceleration spectra  is inadequately resolved, 
only a portion of the displacement spectra is shown in Figure 24b. This portion corresponds 
to the frequency band of the dominant exciting waves. 
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Figure 22. 	 Response spectra of pitch a s  obtained from accelerometers and 
per?d1?1ur??-typegage, Fishhook prototype barge. 
Figure 23. 	 Response spectra  of pitch a s  obtained from accelerometers only, 
Fishhook prototype barge. 
As in the case of surge, the low-frequency long-period oscillations which appear in the 
acceleration record resul t  from: (1) l inear response of the barge to long-period surface 
gravity waves which a r e  characteristic of the offshore basin, and (2) nonlinear subharmonic 
response of the barge (caused by nonlinear mooring restoring forces) to waves within the 
normal frequency band of sea  and swell. 
As in the case for  surge and pitch, the influence of incident wave direction presents an 
interesting anomaly. The greatest response (in the acceleration spectra) occurred when the 
waves were stern-on instead of beam-on a s  would normally be expected. 
The  sway displacement spectra indiczte fizt the p e r i d  ef maxirr,urr, energy varied from 
5.0 to 6.0 seconds. This corresponds to the period of the dominant exciting wave system. 
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Figure 24. Response spectra of sway acceleration and 
displacement, Fishhook prototype barge. 
Sway - Model. The sway response spectra obtained from the model measurements a r e  
shown in  Figure 20d.' Note that the long-period components completely dominate the spectra. 
Since no long-period exciting waves were present and since the mooring restoring forces  
were l inear  over the range of displacements encountered during the tests,  the response may 
be considered the tendency of the craft  to oscillate about the characteristic period of the 
moored-barge system. The situation for  sway is almost identical to that for  surge. The 
influence of incident wave direction is again obvious, in sharp contrast to the prototype 
observations. Beam-on waves resulted in the greatest response, and stern-on the least. The 
characteristic period of the moored-barge system in sway a s  determined from the model 
t es t s  i s  found to be 36 seconds. This compares with a period of 30 seconds a s  determined 
from the spectra  of chain tension response. Again, viscous damping in the model is 
proportionately greater than that in the prototype. The discussion following surge response 
is also applicable to sway response. 
Yaw - Prototype. The response spectra  of yaw motion a r e  shown in Figure 25. The 
yaw spectra  of angular displacement were obtained from spectra of angular acceleration. The 
yaw acceleration spectra, not shown, *are  very similar in appearance to the acceleration 
spectra  fo r  surge and sway. They have the characteristic sharp spike near the origin where 
adequate resolution could not be obtained for  the limited period of observation. Thus, only 
that portion of the yaw displacement spectra  is shown in the frequency band corresponding to 
the dominant exciting wave period. The remarks  on surge and sway apply also to the yaw 
motion. The period of peak yaw motion varied from 5.0 to 6.0 seconds. The influence of 
exciting wave direction and intensity level a r e  not apparent. The lowest level of excitation 
approaching fi-orli tihe "ueai-"n direction ismuary22) was resp"nsyDle for tilehighest 
measured response. On the other hand, the waves approaching from the stern-on direction 
(February 7) produced the lowest measured response. E t h e  barge were truly symmetr icd,  
and if the waves approached from precisely the stern-on and beam-on directions, the 
contribution to yaw should be negligible. However, neither condition was prevalent in the 
present case. 
Yaw - Model. The spectra of yaw response a s  obtained from the model test  a r e  given 
in Figure 20e. Only the long-period (27 seconds) component is present. The trend of the 
responses (in the long-period frequency band) differs markedly from that in the prototype 
(in the short-period band corresponding to s ea  and swell). Beam-on s ea s  produced the 
greatest response and quartering seas  the least. 
Roll - Prototype. The spectra  of prototype measurements of roll a r e  shown in 
Figure 26. For  each day, the spectra obtained from the accelerometer records and the 
pendulum-type gage record are herein compared. The comparison indicates that the 
accelerometers were much more sensitive than the pendulum-type gage. Since roll for  the 
subject craft, like pitch, is a highly tuned motion, there is a tendency fo r  the period of peak 
energy to coincide with the naturai period in roii, irrespective of the exciting periods. The 
response period in roll is approximately the same for January 22 and March 4, being 
approximately 6.0 seconds, which i s  close to the natural period in roll of 6.1 seconds. The 
period of maximum energy for  February 7 is 5.0 seconds. This apparent shift in the peak 
period of maximum energy may be due more to the different character of excitation than to 
either excitation level o r  wave direction, 
0x1 January 22, the exciting wave spectrum was notably broaaanded (i. e. , all frequency 
components were present in approximately equal proportions), whereas on February '7 the 
exciting wave system was narrow banded (i. e. ,  one frequency tended to dominate the system). 
The March 4 exciting wave spectrum appeared to be a mixture of both extremes. Thus, the 
sea  (January 22) tended to produce a period closer to the natural period (6.1 seconds) of the 
barge in roll than did the swell (February 7). It may be parenthetically remarked that the 
natural period of 6.1 seconds in roll was that observed in the absence of the moorings. This 
appears to be a reasonable trend. 
Roll - Model. The spectra of roll response a s  obtained from the model measurements 
for the three incident wave directions is shown in Figure 20f. The period of maximum energy 
is 6 .1  seconds, which corresponds exactly to the natural period in roll. The influence of 
incident wave direction is obvious. Beam-on waves produced the greatest response and 
stern-on the least. There were no long-period oscillations present in the roll response motion. 
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Figure 25. Response spectra of yaw, Fishhook prototype barge. 
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Figure 26. Response spectra of roll, Fishhook prototype barge. 
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Chain Response 
The response of the chains in both the prototype and the model a re  given in te rms of 
the spectra of the time histories. The response of any given chain i s  a function of the 
magnitude and direction of the exciting wave. Unlike the prototype displacement motion, chain 
response was recorded directly, and thus a greater degree of resolution at the lower 
frequencies (near the origin) of the spectra was obtained. Therefore, spectral ordinates for 
the entire range of frequencies a re  included. 
Prototype. The spectra for prototype chain response a re  given in Figure 27. All a r e  
plotted to the same scale with the exception of chain No. 14 on January 22. Each of the spectra 
contains a peak within the normal period range of the exciting waves (i. e., 3 to 15 seconds) 
and a sharp spike or  peak near the origin. Energy within the dominant period range 
(3 to 15 seconds) is due to exciting waves of the same range. Within the normdl range of sea 
and swell, the dominant period i s  approximately 6.0 seconds for  all the chains. A lower 
secondary peak of approximately 4.0 seconds occurs for March 4. The dominant period for 
the February 7 data i s  consistently lower, varying between 4.0 and 5.0 seconds for all the 
chains. This behavior is compatible with that noted for  sway, yaw, and roll (i. e., for each 
motion, the peak response period for  February 7 was lower than for any such period of the 
other 2 days). 
Energy distributed within the peak or  spike near the origin may be due to (1) linear 
response of the moorings to long-period surface gravity waves characteristic of the offshore 
basin, (2) linear response of the barge and moorings to wind gusts, and (3) nonlinear 
(subharmonic) response of the moorings to surface gravity waves within the normal frequency 
band of sea and swell. 
Model. The response spectra of chain tension for  each of the three conditions of barge 
orientation a re  shown in Figure 28. The ordinate scale i s  varied for each chain to 
accommodate the low-frequency peak of the spectra. The major trend i s  that beam-on seas 
induce greatest forces in the chain, and quartering seas the least. Considering only the 
frequency band of the exciting wave system, the trend is different although not reversed. 
Here, the greatest forces a re  induced by the stern-on seas, and again, quartering seas 
induce the least. The period of peak chain tension response coincides with the period of peak 
response in surge, sway, and yaw. 
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Figure 27; Response spectra from prototype chain tension measurements. 
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Figure 28. 	 Response spectra of chain tension (horizontal component) 
from model measurements. 
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Figure 29. 	 Comparison of surge amplitude response operators a s  obtained 
from model and prototype measurements and theory. 
Response Operators 
Surge. The surge amplitude response operators a s  derived from the prototype and 
P
model measurements and from the linear theory described in Appendix A are  shown in 
Figure 29. In the case of the operators derived from the model and prototype tests, only a 
portion of the values i s  presented. Even these values may not be considered reliable since 
the ordinates of either the exciting wave spectrum or the response spectrum were within the 
signal "noise" level at  these frequencies. The upper and lower limits of the significant 
frequency range fo r  both exciting and response spectra a re  indicated. The values shown in 
Figure 29 were further restricted by including only the calculations involving the center-well 
wave gage in the prototype and wave probe 2 in the model, The center of gravity of the 
barge i s  represented by these locations. 
Considering values of the surge amplitude response operator which are known to be 
reliable, only one discrepancy exists - that between theory and model for  stern-on and 
quartering seas at frequencies l e s s  than 1.0 radian/second. This is believed to result from 
the large value of the surge damping coefficient, Nx, employed in the theory. The coupled 
equations a r e  f a r  too complicated for  simple analysis. However, at least two comparisons 
may be made. In the f i r  st, some insight into the behavior of the barge in both prototype and 
model forms may be gained by examining the uncoupled equation for the free surging of an 
unmoored ship in regular waves (approaching stern-on as given by Wilson, 1959). This 
equation, derived by likening a ship to a rectangular block, i s  
sinh kd - sinh kS sin 0.5 kL 
cosh kD ( 0.5 kL 
where X = surge amplitude 
A = wave amplitude 
D = draft 
w =  2 n/T = frequency 
T = wave period 
k = 2n/A 
D = water depth 
S = clearance between sea bed and ship keel = d - D 
E = phase angle 
time, a s  a variable 
ship length 
wave length 
The above equation neglects the term bearing a second harmonic overtone which Wilson 
admits is unimportant. Wilson notes that the motion will be maximum when the ratio L/A is 
such a s  to make sin (0.5 kL) = k l .  This occurs when L/A = 1/2, 3/2, 5/2 . . . , where 
L = 110 feet, that is, when the values of the wave frequency, w, are 0.96, 1.66, 2.14 . . . . 
The amplitudes of surge response calculated for these frequencies according to the above 
equation a re  0.87, 0. 80, and 0.71, a s  shown in Figure 29. Thus, the uncoupled equation for 
the unmoored freely surging vessel predicts values for  the surge response operator greatly 
in excess of the prototype and model tests. 
The second comparison is obtained by examining the amplitude response operator when 
the coupling term(s) is omitted. Consistent with the notation employed and explained in 
Appendix A, the "uncoupled" amplitude response operator, ax, fo r  surge is given by 
where 
sin- -
-
A 

for  waves incident stern-on. Values of ax for stern-on seas  were computed and a r e  shown by 
the small  triangle symbols in Figure 29. The effect of including the coupling term(s) (pitch in 
this case) is almost negligible. Next, the damping term,  Nx, in Equation 1was set  equal to 
zero, and values of the response amplitude operator were computed. These results, shown 
by the small squares in Figure 29, agree quite well with the model resul ts  in the low- 
frequency range (0.6 to 1.4 radians/second) and with the prototype resul ts  in the 
high-f requency range (>I.  4 radians /second). Thus, substantial agreement between theory, 
prototype, and model resul ts  can be achieved through judicious selection of the values of the 
surge damping coefficient, N,. 
At this point, certain important differences in the model and prototype tes ts  need to be 
restated. Firs t ,  the moorings in the model were decidedly linear over the range of 
deflections encountered in the study. The prototype moorings were nonlinear. Thus, the 
motions pe r  unit amplitude wave tended to be somewhat greater  in the model than in the 
prototype. Second, differences in incident wave directions a s  observed in the prototype were 
much smaller  than in the model tests.  In the model tests,  incident wave directions were 
almost exactly beam-on, quartering, o r  stern-on (except for  instantaneous changes in 
attitude). In the prototype tests, wave directions were observed to be from an approximate 
heading, 13, of 015, 275, and 330 degrees relative to the barge, where P = 0 degrees 
indicates a wave approaching from stern-on and positive angles a r e  measured counter- 
clockwise. It has  been previously noted that the prototype barge was excited by winds and 
currents  a s  well a s  waves. The model barge was excited by waves only. 
Third, the excitations a s  measured in the prototype contained the reflected waves 
generated by the barge. The excitations employed in the reduction of the model data were 
meas~ rec !with the barge r em ~ v e d  the tank, contained no sach reflected v.72ves.~ ~ O Z Z ?  and t h ~ s  
Fourth, the excitation in the model was "narrow" banded whereas that in the prototype tended 
to be not quite so  "narrow. " Finally, the level of excitation was proportionately greater in 
the model t es t s  than in the prototype tests.  Sea state 4 was simulated in the model tes ts  
whereas measurements of the prototype were never taken in a sea state higher than 3. 
In summary, only one discrepancy appears to exist  in the surge amplitude response 
operators a s  obtained from model and prototype tes ts  and from theory. This concerns the 
difference between model t es t s  and theory at a frequency l e s s  than 1.0 radian/second. The 
discrepancy is believed to be due to the large value of the surge-damping coefficient, Nx, 
used i n  the theoretical calculations. 
Heave. The amplitude response operators for  heave a r e  shown in Figure 30. The 
prototype resul ts  a r e  not valid throughout the frequency range represented there. Values of 
the excitation and response ordinates were submerged within the signal "noise11 level of the 
recording system a t  the lower frequencies. Nevertheless, the amplitude response operators 
are  shown to indicate consistency in trends. The prototype response operators were almost 
identical for each tes t  period. Only those obtained from the January 22 and February 7 data 
(center-well wire wave gage) a r e  shown in Figure 30. 
At a frequency of approximately 1.0 radian/second, a response greater than 
1.0 foot/foot is indicated. This apparent peak i s  close to  the observed natural period in heave 
of 6 . 1  seconds, Physically, such behavior is not likely. In addition to the "noise" problem 
referred to previously, that behavior may be attributed to  statistical variability associated 
with a record of finite length. The spectral ordinates f rom which Figure 30 was derived have 
a chi-square distribution (Blackman and Tukey, 1958) based on the number of degrees of 
statistical freedom. The spectral ordinates for which the amplitude response exceeds a 
value of 1.0 foot/foot were based on a prototype record containing 3,601 data points. 
Pierson and Marks (1952) give the following approximate formula for calculating the number 
of degrees  of freedom, f :  
where N = number of data points and rn = number of lags. On this basis,  the number of 
degrees of freedom, f, is found to be 165. From any standard statistical table in chi-square 
distributions, i t  is found that the 90-percent confidence intervals for  165 degrees  of freedom 
are  1.15 and 0.85 t imes the mean. Thus, the spectral ordinates obtained from a finite length of 
record would have a t rue value of from 0.85 to 1.15 t imes  its mean at  least  90 percent of the 
time. The response operator is obtained by dividing one ordinate by another, each of which 
rmhas a chi-square distribution. l n e  confidence limits for file response operator ordinates a r e  
not known, but Canham et  dl. (1962) indicate that there should be greater  confidence in the 
operators than in the excitation and response from which they were derived. 
Figure 30. 	Comparison of heave amplitude response operators a s  obtained from 
model and prototype measurements and theory. 
In order  to evaluate the effect of the coupling terms, the amplitude response operators 
were computed a s  given by the following equation (coupling t e rms  omitted) : 
where for  beam-on waves, the numerator A: f + ( B z r  is given by the following 
expression: 
The resul ts  (not shown in Figure 30) indicated that the coupling te rms  have virtually no 
effect on the heave amplitude response operators. Referring to Equation 2, the t e rms  
sin-TB --2n-h 
A 8 h n d  tanh 2 nd 
-
7TB 
a r e  equal to unity fo r  large values of wave length, A. Thus, fo r  long wave periods, T, o r  low 
frequencies, w,  the response operator aZ approaches a value of one. Departures f rom a 
value of one for  decreasing values of wave length, A,  depend upon the effect of each of these 
t e rms  in relation to the other terms,  two of which a r e  themselves frequency-dependent, 
namely, the damping coefficient, Nz9 and the added mass  coefficient, A33'. Thus, i t  is 
possible that absolute values of the damping coefficients, N,, which were used in the theory 
may have contributed to small differences between theory, prototype, and model results.  
Comparison of the heave amplitude response operators a s  obtained from the prototype 
measurements and theoretical calculations is very good within the frequency band 
(I. 5 to  2.0 radiansjsecond) in which the prototype results a r e  valid. Comparison of the model 
resul ts  with the theoretical calculations is very good within the frequency band in which the 
model results a r e  valid. In addition, the trends indicated by the model and prototype results 
a r e  in substantial agreement. 
In summary, no anomalies a r e  present in the heave amplitude response operators. 
Pitch. The amplitude response operators for  pitch a r e  shown in Figure 31. Fo r  the 
case of stern-on waves, the amplitude response operator attained a maximum value of 
i.9, 3 . 2 ,  and 1.9 degreed ioo t  f rom the protowpe and model tests and from the theory, 
respectively. The general shapes of all the curves a r e  very similar. The prototype and 
n ~ d e !results shew a peak at I p e r i d  nf approximately 6 ;  3 seconds, which is close to the 
observed natural periods of 6. 5 and 6.1 seconds in the prototype and model, respectively. 
The theoretical calculations, on the other hand, indicate a peak a t  a period of approximately 
8.6 seconds. In order  to determine reasons for this difference in peak response period, the 
uncoupled equation for  the pitch amplitude reponse operator was examined. The appropriate 
equation is 
where for waves incident stern-on, the numerator 
following expression: 
The resul ts  shown by the small triangles in Figure 31 indicate that the coupling t e r m s  
increase the amplitude of the response but do not change the period of peak unit response. 
Frequency (rad/sec) 
Figure 31. 	 Comparison of pitch amplitude response operators a s  obtained from 
model and prototype measurements and theory. 
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The resul ts  shown by the small triangles in Figure 31 indicate that the coupling t e rms  
increase the amplitude of the response but do not change the period of peak unit response. 
To study the effect of damping, values of ag were computed from Equation 3 with the 
damping coefficient, N set  equal to zero. The results,  not shown, indicated that the period e 
of peak unit response was independent of the damping coefficient. The only remaining 
frequency-dependent coefficients in Equation 3 a r e  the added mass  coefficient, ,433 '. and the 
correction (or  approximating) factors  fo r  (1) slender body approximation 
sin Ti-B7 
-
nB 
h 
I)(2) shallow water waves, tanh 27rd/A, and (3) mean half-draft velocity approximation, 8- 2 n h / ~  
With substantial faith in the latter,  i t  appears that values of the added mass  coefficient in 
heave, AQ3', which were employed in the theory cause the pitch amplitude response operator 
to peak at a period of 8.6 seconds rather  than at  the observed natural period in pitch of 
6.5 seconds. 
Differences in magnitude of the pitch amplitude response operator a s  obtained from the 
model and prototype resul ts  a r e  believed to be associated with physical differences between 
the model and prototype tests. In addition to those differences previously noted, the vertical 
components of the mooring restoring forces,  and thus the important moments in the case of 
pitch and roll, were not simulated in the model. This rationale may be used to explain 
s imilar  differences in the roll amplitude response operator. For  both motions, the 
amplitude response operator obtained from the model tes ts  was smaller than that obtained 
from the prototype tes ts ;  hence, the trend is consistent. 
In summary, deviations of the period of peak unit response a s  obtained from the 
prototype and model t es t s  and the theory a r e  believed due to improper values of the added 
ma s s  coefficient in heave, AQS1, which were employed in the theory. Amplitude differences 
a r e  believed to be accounted for  by (1) inherent physical differences between the model and 
tes t  installations, and (2) improper values of the damping and coupling t e rms  employed in 
the theory. 
-
Sway. The amplitude response operators fo r  sway a re  shown in Figure 32. For  
beam-on seas,  the theory agrees  quite well with the model resul ts  in the frequency range 
0.6 to 1.4 radians/second and with the prototype resul ts  in the frequency range above 
1.4 radiandsecond. These frequency ranges correspond to the validity l imits of the 
prototype and model results. However, the prototype operators a r e  extended beyond these 
limiting frequency ranges to  show that the trend of the operators even in the presence of high 
background "noise" is a s  expected and similar to the model results. 
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Figure 32. 	 Comparison of sway amplitude response operators a s  obtained from 
model and prototype measurements and theory. 
The model resul ts  clearly show that the response amplitude is greatest for beam-on 
waves and least fo r  stern-on waves, a s  expected. It is recalled that the response in sway a s  
obtained from the model tes ts  is greatest a t  the characteristic period of oscillation 
(1. e. , approximately equai to 36 secondsj of the moored barge system where the excitation 
was practically nil. Amplitude response operators obtained from the excitation and response 
spec t ra  in  this period range have little meaning because of the nonlinear behavior of the 
oscillating barge. Hence, no resul ts  a r e  shown for this  frequency band. 
Again, a s  in the case for  the lomgihdinal motions, the effects of coupling were sbdied.  
The uncoupled equation for  the sway response operator, consistent with the notation employed 
in Appendix A, is 
2 2 
where (flyW)+ ( B ~ ~ )for beam-on waves is given by 
Except fo r  the very short waves, the quantity 
nB -2nh
sin ---- AA e 
-
x B  
has  a value close to unity. Thus, f rom the "uncoupled equation, the magnitude of the sway 
amplitude response operator is dependent upon the relative contributions of the sway restoring 
force  term, $, and the added mass  coefficient in sway due to motion in roll, 4 2 ' .  The 
restoring force, ky, is not a function of frequency. This is in contrast to the frequency- 
dependent off-diagonal tensor, A42y9 which incidentally is a negative quantity. 
In summary, the sway amplitude response operators a s  obtained from theory, prototype, 
and model resul ts  a r e  in substantial agreement within the frequency ranges where the resul ts  
a r e  applicable. Outside of these ranges, the trends a r e  compatible. 
-
Yaw, The amplitude response operators fo r  yaw a r e  shown in Figure 33. Comparison 
is poor. In the case of the model results,  the response in yaw over the indicated frequency 
range was entirely within the noise level of the recording system. Hence, the model resul ts  
are not consideredl reliable. The assumption of a slender body theory and i t s  application to 
the barge in question, with the attendant approximations which were required for  the 
computations, is not justified - at  least  in the case of yaw. Nevertheless, i t  is to be 
observed that the model, theory, and prototype resul ts  show some yaw for  beam-on and 
stern-on waves. This is to be expected since the barge is nonsymmetricd both fore  and aft 
and port and starboard. 
Figure 33. 	 Comparison of yaw amplitude response operators a s  obtained from 
model and prototype measurements and theory. 
The uncoupled equation for  the yaw amplitude response operator is 
where A+W and BJ,W a r e  a s  given in Appendix A. Values of the yaw amplitude response 
operator for  quartering and beam-on s ea s  were computed and a r e  indicated by the small 
triangles in Figure 33. It appears that in contrast to the other motions discussed to this 
p o i ~ t ,  the yaw =plitude operator is highly dependest upon the coupling effects, In additlor! to 
the frequency-dependent coefficients, A22' and N+, appearing in Equation 5, the omitted 
coupling t e r m s  also include the added m a s s  coefficient in sway due to motion in roll, Ag2'- 
In summary, the poor comparison of the yaw response operators a s  obtained from 
theory and prototype resul ts  is believed to be caused by values of the coefficients appearing in 
the coupling t e rms  used in the theory. 
The poor comparison between the operators a s  obtained from model and prototype data 
is believed to  be  due to the relatively high "noise" level in the model yaw response at  
frequencies corresponding to the prototype yaw response. 
-
Roll. The amplitude response operators for  roll a r e  shown in Figure 34. Comparison 
is excellent. Beak period of the response operators is 6.3 seconds, which corresponds to the 
natural period in roll of 6 .1  seconds. Comments made in the case of the pitch response 
operators  apply also to the roll response operators. The small  response for stern-on waves 
is exp1ained.b~Pierson (1957) as: 
.. . the  oncoming apparent wave will a t  one time be high on the port side and at 
another time be high on the starboard side causing the vessel to  roll  f i r s t  one 
way and then the other for  the same apparent wave form. . . 
It may also be explained on the bas i s  that nonsymmetries in the vessel permit yawing 
motion and that once the vessel yaws, however slightly, the incident wave is no longer directly 
stern-on but has  a beam-on component which induces roll. 
Figure 34. Comparison of roll  amplitude response operators a s  obtained from 
model and prototype measurements and theory. 
The uncoupled equation for  the roll amplitude response operator is 
where and B~~ a r e  as  given in Appendix A. Values of a+  were computed according to 
Equation 6 and a r e  indicated by the small triangles in Figure 34. The effect of the coupling 
t e rms  is to shift the peak period of the response amplitude operator from 5.4 to 7 . 0  seconds 
with a n  attendant slight decrease in the amplitude ordinate. 
In summary, there is excellent agreement between the theory, prototype, and model 
resu l t s  fo r  the roll  amplitude response operator. 
Chain Tension Operators. The amplitude response operators for  chain tension in 
kips/foot versus  frequency a s  obtained from the model and prototype tes ts  a r e  given in 
Figures  35 through 38. For  completeness, values of the ordinates a r e  given for  the entire 
frequency range in the case of the prototype even though spurious signal "noise" constituted a 
large percentage of the energy spectra of excitation and response at  a number of frequencies. 
Notice that one ordinate scale is employed for all  model resul ts  (Figure 38) and a different 
one for  all prototype results. The prototype and model resul ts  a r e  not directly comparable 
since the prototype included total tension, whereas only the horizontal component of tension 
was simulated and measured in  the model. 
In the case of the prototype, all response operators a r e  characterized by low-frequency 
and high-frequency peaks. The low-frequency peak corresponds to the f ree  period of 
oscillation of the mooring chains in the horizontal plane (i. e. , sway, surge, and yaw), while 
the high-frequency peak corresponds to f r e e  oscillations in the vertical plane (i. e . ,  roll, 
pitch, and heave). The mooring is decidedly unbalanced for  certain incident wave directions, 
notably a combined quartering-beam-on sea  such a s  occurred on January 22, 1964. 
In this  instance, the starboard s tern chain (No. 14) was subjected to the greatest loads. 
With the center well gage used a s  a reference, the loading was approximately 14.3 kips/foot 
of wave amplitude. This compares with a wave loading of 2.2, 4.3, and 4.9 kips/foot for the 
port  bow, starboard bow, and port s tern chains, respectively. With the port stern gage used 
a s  a reference, Figure 35 indicates that unit amplitude waves may induce loads up to 21.0kips- 
The response operators obtained from the model tes ts  a r e  not shown in the 
low -frequency range since the corresponding excitation was virtually zero. 
The theoretical amplitude response operators fo r  chain tension were not calculated. In 
principle, they can be determined from the complex (i. e. ,  phase and amplitude) response 
operators and the geometry of the moorings. 
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Figure 38. 	 Linear amplitude response operators f rom model measurements 
corresponding t o  frequency band of exciting waves. 
Phase and Coherence 
The phase and coherence graphs for  the prototype measurements a re  shown in 
Figures 39 through 41. Those for  the model measurements are shown in Figures 42 through 44. 
The values f o r  phase indicate the amount in degrees by which the peak amplitude of the output 
function lags the peak amplitude of the driving function. Thus, a vdue of 0 degrees or 
360 degrees indicates that the two time history records a re  in phase, whereas a value of 
180 degrees indicates that the functions a r e  out of phase. Only values of coherence above 
0.50 a r e  shown in the figures. Canham et  61. (1962) define coherency a s  the "ratio of the 
actual related energy between two records a s  computed by cross-correlation to the assumed 
related energy computed by auto-correlation. " Canham e t  al. further state that if the 
"records a re  linearly related and there a re  no other e r ro r s  of any kind, computational or  
otherwise, the result computed by cross-correlation will be the same a s  the result computed 
by auto-correlation, and consequently a value of unity will be obtained. Since in practice 
there a re  always sampling e r ro r s  and possibly computational errors ,  low coherency does not 
necessarily indicate a nonlinear relationship between two records, but high coherency 
provides re!i&!e eorifirmation ~f the accuracy ef the dztta, the zccuracy ef the cemputatior,, 
and the linearity of the relationship between the two sets of data. " Pierson (1957) notes that 
in the case of ship motion, short-crestedness of the wave system will also tend to lower 
cohereneies between the ship motions and the exciting waves. 
Referring to Figures 39 through 41, all possible combinations were compared for  the 
prototype. However, not all model measurements were recorded to precisely the same time 
base. Treatment of a portion of the model data, to enlarge the number of combinations which 
could be computed, revealed that the effort would be excessive from both time and budgetary 
standpoints. Hence, only those combinations which could be readily computed from the 
original model data were attempted. 
All expected trends are  apparent in the figures. For example, the subsurf ace pressure 
gages were in phase with their corresponding wire wave gages and exhibited marked high 
coherencies. Chain tensions in the prototype generally were coherent with each other in spite 
of variable incident wave direction. The stern chains (No. 13 and 14) tended to be in phase 
with each other and out of phase with the pair of bow chains (No. 15 and 16). The dependency 
of the phase relationships on the incident wave direction is readily apparent in the case of the 
model results. When the waves were stern-on, the stern chains were in phase with each 
other and out of phase with the pair of bow chains. On the other hand, when the waves were 
L-- pair of pert  c h i n s  were in phase with each other over a significant portion of uG a - o n ,  
the frequency band and out of phase with the pair of starboard chains. The high degree of 
coherency between the wave measurement and the chain tensions and appropriate motions in 
the case of the model confirms a fact already noted - that the model behavior was significantly 
linear over the dominant portion of the exciting wave spectrum. 
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Only a limited number of the important observations concerning Figures 39 through 41 
a re  presented here.  In the case of the prototype, the roll motion was highly coherent with the 
bow and s tern t ransverse acceleration and with the port  and starboard vertical acceleration. 
Only s tarboard s t e rn  chain No. 14 appears to be coherent with al l  of the acceleration and the 
roll motion measurements fo r  January 22. Coherency between the chain tension measure- 
ments and certain of the acceleration measurements was very similar fo r  February 7. Chains 
No. 14 and 15 had approximately the same coherency with the acceleration measurements on 
March 4 when the waves approached generally from a direction coincident with the vertical 
plane containing chains No, 14 and 15. 
h the case of the model, roll and sway were not coherent with the wave measurements 
fo r  stern-on waves, while pitch and surge were not coherent with the beam-on wave 
measurements. When the waves were from a quartering direction, all motions had some 
degree of coherency with each other and with the forcing waves. 
IErm summary, a study of the phase and coherency relationships for the prototype 
(Figures  39 through 41) and for  the model (Figures 42 through 44) reveal no anomalies and 
confirm many of the expected trends. A detailed review of the wealth of information contained 
in these figures potentially constitutes a complete study in itself. 
APPLICATION OF RESULTS. (Effects of the Historical Weather Environment) 
Statistics of the wind and wave environment fo r  San Clemente Island have been reported 
by Por te r ,  Urquhart, McCreary, and 09Brien (1956). Those statistics pertinent to the 
Wilson Cove a r ea  a r e  summarized herein. The general location of San Clemente Island and 
TflZT --- P 4 ----iisurl L U V ~  is s h o w ~iii Figire I. 
Probable Wind Environment 
The then-existing a i r  facility (elevation 900 feet) located 5 miles south of Wilson Cove 
recorded wind direction and intensity for  the two periods of August 1940 through January 1941 
and November 1943 through March 1954. From these observations, Porter  e t  al. tabulated 
the data below: 
Percentage of Frequency 
Direction 4-11 Knots 11-22 Knots >22 Knots 
3. 6 0.7 
Totals 
Calms (0 -4 knots) 14 percent 
Porter  et al. state that the westerly and northwesterly winds sometimes cause annoying 
and troublesome gusts in the a rea  of Wilson Cove. The strongest observed gusts at 
Wilson Cove have been estimated to attain a speed of from 40 to 60 knots and to occur from 
four to six times each year, especially in winter and spring months (December through May). 
No data is available on the periodicity of these gusts. The surging period of small craft 
moored at the Wilson Cove Pier  during mild gusts has been observed to be between 
20 and 25 seconds. Sizable open-water waves are  generated by winds from the northerly 
directions in the winter and spring, and from the easterly directions in the spring and fall. 
rnl-- i-u-- ,-,,,?I ,. : - II - - 9-,,,-,,,s?~,,r ,  ~ , , r t  ,.:A
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four to five occurrences of significance each year; however, their strength attenuates rapidly 
outward from the mainland and they rarely reach the island with a s  much a s  1'7 to 20 knotsT 
velocity (Sergius, L. A. , 1952). Nevertheless, they are  responsible for generating restricted 
fetch waves which attain considerable height. 
In summary, westerly and northwesterly winds with mean speeds of 22 knots and with 
attendant gusts up to 60 knots a re  estimated to occur at  Wilson Cove from four to six times 
per year. This conclusion is compatible with the statistics on the distribution of extreme 
winds in the United States compiled and reported by Thom (1954, 1960). 
Probable Wave Environment 
Characteristics ~f the larger  waves generated oldside the coastal islands which enter 
Southern California waters a r e  presented in Figure 45. San Clemente Island is not exposed to 
all the waves indicated there, being sheltered from the medium- and long-period waves from 
directions greater than 302 degrees by the Santa Barbara Channel Islands and Point Conception. 
For those directions sheltered from the open ocean, short-period restricted fetch waves 
generated by the offshore winds are  dominant. Characteristics of the larger of these waves 
are  given in Figure 46. The exposure of Wilson Cove to variously caused waves is illustrated 
iri Figure 47. 
In connection with previous studies, estimates of the frequency of occurrence of waves 
having various heights and directions were made by Marine Advisers, Inc., of La Jolla, 
California. Original source information for such waves is given below. 
Wave Origin Source 
I. Waves approaching from outside Horrer, P. L., and Associates, 1954. "Waves 
the coastal islands Outside Southern California Islands, their Sources 
and Dimensions. Reference 54-1. " Prepared for 
Standard Oil Company. Developed using: 
(a) Hindcasts of waves from six of the most 
severe storms that entered Southern California 
between 1899 and 1953. 
Wave Origin Source 
I. Waves approaching from outside (b) Hindcasts (2 years) of swell from southern 
the coastal islands (eont) hemisphere s torms utilizing weather maps and 
wave records from El  Segundo and 
Huntington Beach. 
(c) Visual observations of waves (4 years) by 
Scripps Institution of Oceanography research 
vessels. 
(d) Wave hindcasts (3 years) from Scripps 
Institution of Oceanography Wave Report No. 68. 
T7,U. vv  ZLVCD ,--,,-I----app~ud~llillgIKUIII riaidand, Marine Advisers, inc. , in report to Porter ,  
and other coastal islands Urquhart, McCreary, and O'Brien: "Feasibility 
Study for Harbor Development of San Clemente 
Island, " December 1956, using: 
(a) Hindcasts of wind-generated waves from 
(1) San Nicholas Island wind data f 945-1 953, and 
(2) daily synoptic weather maps, northeastern 
Pacific and U. S. West Coast, 1950 and 1952. 
A summary of the data compiled from these studies a s  given by Porter  et dl. is shown 
in Table 7.  The frequency of occurrence in  hours per year is presented for  various 
significant wave heights and directions. These estimates do not take into account the 
attenuation of wave height due t o  shoaling and refraction. However, since the barge is 
located approximately 1/2 mile f rom the shore in 165 feet of water, waves having a period 
l e s s  than approximately 10 seconds a re  not affected by shoaling. The restricted fetch waves 
a r e  not modified severely by refraction. Thus, estimates fo r  the significant heights of 
restricted fetch waves, given in Table 7, may be regarded a s  approximately those existing a t  
the barge location. The attenuation of the heights of waves approaching from outside the 
islands can only be  determined by preparation of detailed refraction diagrams. Such 
information has not been developed. Nevertheless, it may be stated that from studies 
(Porter  e t  al., 1956) undertaken a t  an adjacent location (in 24 feet of water), the refraction 
effect greatly reduces the heights of waves approaching from outside the islands. 
In a somewhat more exhaustive study, National Marine Consultants (1960) compiled 
deep-water wave statistics based upon meteorological records and charts  for  the years  
1956, 1957, and 1958. The general a rea  of study covered the entire coast of California a s  
represented by seven carefully selected deep water stations. 
Figure 45. 	 Characteristics of the la rger  waves generated outside the coastal islands 
which enter Southern California waters. (From Porter  et a l . ,  1956, 
prepared by Marine Advisers, La Jolla, California. ) 
H=SIGNIFICANT WAVE HEIGHT 

T=SIGNIFICANT W N E  PERIOD 

Figure 46. 	 Characteristics of the larger  waves that reach San Clemente Island 
from direction of the mainland and other coastal islands. (From 
Por te r  e t  al . ,  1956, prepared by Marine Advisers, La Jolla, 
California. ) 
Deep water station No. 7 is located approximately 65 miles from Wilson Cove a t  
coordinates latitude 33.5 ON, longitude 119.5 OW. (See Figure 1, General Location Plan.) The 
ual summary of statistics compiled for  deep water station No. 7 a r e  presented in Table 8. 
The statistics compiled fo r  both s ea  and swell a r e  wave -height, -period, -direction 
frequency distributions. The wave height is in t e rms  of significant height in feet (HI/$ o r  
that height representing the average of the highest one-third of all waves; the wave period in 
seconds is that average period associated with the significant height. The wave directions a r e  
the directions from which the waves approach. Frequencies a r e  given in annual percent 
t e r m s  and a r e  rounded t o  the nearest one hundredth of 1percent. 
The total ilurnber of hours of swell is given in the upper left-hand corner of the table. 
Some of the important details a r e  not revealed by this  annual summary. For  example, the total 
number of swell hours could be  greater  than the total number of hours in any given time 
period, since the number of swell t ra ins  arriving simultaneously at  a station is variable (i. e., 
not necessarily limited to  one). On the other hand, the total percentage of sea  will equal 100 
when the category of calm is included. In addition, maximum swell occurs during the spring, 
whereas  maximum sea  occurs  during fall  and winter months. 
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These statistics a r e  presented in Figures  48 and 49 which illustrate the average annual 
swell and s e a  roses ,  respectively, with appropriate histograms for  station No. 7. 
Putting all these facts  together, waves of up to 20 feet  in significant height may be 
expected to  approach the site of the moored barge from a westerly to northwesterly direction 
(302 to 334 degrees  azimuth) on an average of f rom four to six t imes per  year. The duration 
of wave intensity a t  this level is from 6 to 9 hours. This information may be used in 
conjunction with Figure 50 to determine the maximum probable wave (under certain 
assumptions) which occurs  at  the site during t imes of fully developed seas. These seas  a r e  
year. 
Figure 50, based on the statistical resul ts  developed by Longuet-Higgins (1952), is a 
plot of the rat io  of the expected value of the maximum amplitude t o  the root mean square 
mpl i tude  versus  the number of consecutive oscillations in a time history record. Assuming 
an average wave period of 15 seconds, at  least  1400 oscillations in the time history may be 
expected to  occur in a 6-hour record. From Figure 50, the ratio, E(A,,)/G 
(where E(Ama) is the expected value of the maximum wave and fiis the root mean square 
value of the time history), is found to be approximately 2.8. Assuming further that instan- 
taneous ordinates to  the envelope of the wave t ime history record have a Rayleigh distribution 
(narrow-band spectra), then A1/3 = 1/2 (20) = 1.414 G,where 20 feet is the significant wave 
o r  the average height of the highest one-third waves in  the record. 
From the above, the root mean square, fi,is found to be 7.1 feet, and Amax is 
19.8 feet. Thus, the maximum probable wave height is estimated to be approximately 
39.6 feet. Aa39,6-foot wave is physically possible since the bredking wave height in 165 feet 
of water is 115 feet. It is implied that the fetch is sufficiently long in the northwesterly 
direction to  permit  seas  to be fully developed. From Hydrographic Office Publication No. 603, 
it is found that the minimum fetch and minimum duration of winds of 29 knots required to 
generate such a s e a  a r e  250 nautical miles and 22 hours, respectively. Neither of these 
cr i ter ia  is satisfied completely. A fetch of 250 nautical miles  in the westerly to northwesterly 
direction requires  a slight refraction of the waves incident on Wilson Cove. The meager 
statistics of wind observations do not support the required wind speed of 29 knots for  a 
duration of 22 hours. Nevertheless, the statistics of the wind-generated wave observations 
require an equivalent energy transfer. 
Thus, consistent with the wave observations, let  it be assumed that a fully ar isen sea  
with a significant wave height of 20 feet can be  generated and directed in the vicinity of 
Wilson Cove. The spectral nature of such a s ea  is indicated by Figure 51. 
ROSE 1% Ckewrancc ,B) 
Figure 48. 	 Aver;rge -'~?dsea rose for station No, 7 - latitude 33. SON, 
longitude 119.5 OW. (From 'Wave Statistics for Seven Deep 
Water Stations Along the Cdifornia Coast, " National Marine 
C ~ m u l h l l t , ~ ,1960; 

ROSE (%Occurrence, B )  
Figure 49. 	 Average annual swell rose for station No. 7 - latitude 33 .5"N, 
longitude If9.5" W. (From 'Wave Statistics for  Seven Deep 
Water Stations Along the California Coast, " National Marine 
Consultants, 1960.) 
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Figure 50. 	 Expected relative value of maximum wave amplitude 
for various numbers of waves. 
The pertinent characteristics are: 
Average wave height f 2.6 ft 
Significant wave height 20.0 ft  
Average height of one-tenth highest waves 25.8 f t  
Range of dominating periods 4-17 sec 
Average qqperiod" and approximately most 
frequent "period" 8 sec 
Period of energy maximum in wave spectrum 11.3 sec 
Average "wave length" 240.0 ft  
From the maximum annual wave spectra shown in Figure 51, the spectra of chain 
tensions may be derived by linear multiplication of the prototype response operators a s  given 
in the preceding section. The results for chain No. 14 a s  obtained from the stern wave gages 
a re  given in Figure 52. Integrating the area under the spectra provides the variance, E, 
which amounts to approximately 700 kips2. Taking its square root and applying the statistics 
developed by Longuet-Higgins for a "narrow-band" gaussian process, the following statistics 
may be  obtained: 
Most frequent value = 1.41 x fi/* - 26.5 kips 
Average value = 1.7'1 x = 3 3 . 2  kips 
Average of the highest one-third = 2.83 x = 53.0 kips 
Average of the highest one-tenth = 3.60 x <dG = 67.5 kips 
Most probable value of the maximum 
for N = 1,4 00 oscillations = 3.80 x fi/a = 70.5 kips 
15.0 9.0 6 .O 
Period (sec) 
Frequency (rad/sec) 
Figure 51. 	 Spectral energy density for surface elevations. 
(ru'eiima-i model for  wind ve!~ciQ hdiczted.) 
Frequency (rad/sec) 
Figure 52. Response spectra for  tension, chain No. 14. 
the most probable v l u e  of the maximum amplitude is added to the in i t id  tensions 
of between 30 and 50 kips, the most probable value of the maximum peak in the time history 
record i s  found t o  be between 100 and 120 kips. Fo r  comparative purposes, "Table 7-7, 
Table of Proof Loads and Breaking Strengths of Stud-Link Chain, " and "Table 7-8, Table of 
Proof Loads and Breaking Strengths of Die-Lock Chain," from the Bureau of Yards and Docks' 
Design Manual (NAVDOCKS DM-26, 1962), a r e  reproduced in Figure 53. These tables contain 
values applicable to new chains; hence, no allowance is made for  deterioration, whether from 
the corrosive effects of the salt  water environment o r  from continual in-service use. In 
addition, the tabulated breaking strengths contain an unknown statistical variability. Thus, 
these values a r e  presented for  use  herein to indicate orders  of magnitude only. 
TABLE 7-7 

Tabla of Pro@%Loads and Bueoking Strength 04 kud- l ink  Chain 

1Scandsud sites of east-steel chain. 
TABLE 7-8 
Table of Proof Loads and Breaking Strength of Dia-Lock Chain 
Figure 53. 	 Proof loads and breaking strengths. (From "Design Manual - Harbor 
and Coastal Facilities, " NAVDOCKS DM-26, Bureau of Yards and 
Docks, Department of the Navy, 1962.) 
From the data in Figure 53, i t  is found that the proof load of the 1 -1/2-inch stud-link 
chain is approximately 132 kips f o r  cast steel and 91 kips for  wrought iron. Both these values 
a r e  either exceeded o r  dangerously close to the maximum probable value of the peak in the 
time history record. Hence, the I-112-inch stud-link chain may be considered unsafe fo r  
mooring the Fishhook barge at the Wilson Cove site. 
On the other hand, the 2-1/2-inch die-lock chain has a proof load of 492 kips, which is 
almost four t imes the most probable value of the peak tension of the time history record. This 
suggests that the 1 -3/4-inch o r  2-inch die-lock chains would afford a sufficient degree of 
safety. It must be considered, however, that the chain tension response operators were 
obtained during very low excitation levels when the chain force-displacement relationships 
could b e  considered approximately linear. During high excitation levels, the nonlinear 
behavior of the moorings should not be minimized. Previous studies (OyBrien and Muga, 
1963, 1964) have indicated that the moorings a r e  relatively ineffective in restraining the barge, 
yet these relatively unrestrained movements a r e  responsible fo r  inducing large tensile forces  
in the mooring chains. 
In summary, the spectral distribution of the most intense storm occurring at the 
Wilson Cove site on the average of once a year is indicated by Figure 51. This storm is 
generated by winds with a mean wind speed of 29 knots blowing continuously over a fetch of 
250 nautical miles fo r  22 hours. The duration of the water level variations having a 
significant height of 20.0 feet is f rom 6 to 9 hours. The surface water level variations induce 
the chain tension spectra  (for chain No. 14) shown in Figure 52. The most probable value of 
the maximum force induced in chain No. 14 is from 100 to 120 kips, depending on the value of 
#e initial tension. 
FINDINGS 
The important findings of this  study are: 
1. During the prototype tests,  the wave excitation was relatively low, corresponding to a sea  
state 2 o r  3 a s  defined, for example, by Marks (Kaplan and Putz, 1962). 
2. The wave excitation corresponded to  a sea  state 4 during the model tests. 
3. The mooring chains of the prototype barge responded in tension primarily to 
wind-generated exciting waves in a l inear fashion. The response at long periods is attributed 
to (1) long-period surface gravity waves characteristic of the offshore basin, (2) wind gusts, 
and (3) subharmonic response to wind-generated surface gravity waves. 
4. The simulated moorings of the model barge responded in tension primarily at  the 
characteristic period of the moorings rather  than the period of the exciting waves. 
5. The heave, pitch, and roll motions induced the lzrgest forces  in the mooring chains in the 
prototype, whereas surge, sway, and yaw induced the greatest forces in the model restoring 
springs; 
6. Within the frequency range of the exciting waves, the linear theory predicted the motion 
response operators to a satisfactory degree with the one exception of the yaw mode. 
7. Waves which a r e  important for  s i t es  located off the Southern California coast but protected 
by the Channel Islands a r e  generated by the northwesterly winds and not the offshore winds 
colloquially known a s  "Santa Anas. " 
8. The most probable value of maximum tension inducedin any of the mooring chains on an 
average of once per  year  is determined to be 120 kips. This is considered sufficient to break 
slightly weakened 1-1/2-inch stud-link chain of cast steel. 
Other findings of this  study are: 
a. The method used for  obtaining the heave and pitch spectra and/or the heave and roll  
spectra  o r  any other s imilar  combination from the records of strategically placed pair  of 
accelerometers is correct. 
b. The natural period of the moored-craft system is relatively long, being approximately 
30 seconds. 
CONCLUSIONS 
1. In s e a  states up to 3 ,  motions of moored- ship systems of the type studied can be  suitably 
predicted by the linear theory of ship motion a s  modified herein to include effects of the 
moorings. Above a sea  state 3, the nonlinear effects invalidate the linear assumption. 
2. The linear theory used requires a vast amount of information relevant to added mass, 
damping (drag-related), and restorifig czrefficieiits. To a large errtezt, such irfzrmztizr? has 
not been developed systematically. Only engineering estimates of such coefficients a r e  
available in the case of construction-type platforms having large beam-draft ratios o r  other 
essentially nonstreamlined ship forms. 
3. A generalized nonlinear theory to predict motions and forces  induced on moored craft by 
random irregular surface gravity waves has  not been developed. 
4. The analysis method used offers a suitable bas i s  fo r  correlating prototype and model 
behavior. Within the l imits  of the linear theory, the model and prototype resul ts  agree 
qualitatively. 
5. The most probable value of the annual maximum force induced on any chain of the 
moorings is 120 kips. 
6 .  The present mooring configuration of 2-1/2-inch die-lock chain, although slightly 
unbalanced for  certain incident wave directions, possesses  sufficient reserve strength to 
preclude failure of the moorings resulting from wave-induced motions. 
7. The d e t a i l  motions of the  mooring chain were no t  s tudied here in .  It 
i s  suggested t h a t  the ove r a l l  motion of the  chain r a t h e r  than simply t h a t  
of the  upper attachment point  ( i e .  the  moored barge) may be important 
f a c t o r s  a f f e c t i ng  the  se rv ice  l i f e  of mooring chains and espec ia l ly  i n  
aqsessing failures, 

8. The barge s tudied he re in  i s  very s t a b l e  de sp i t e  i t s  unusual naval  
a r c h i t e c t u r a l  c h a r a c t e r i s t i c s .  Thus, it is  r e l a t i v e l y  unresponsive t o  in-  
c i den t  waves, 
9. The catamaran shape is  an i dea l l y  shaped platform fromwhich construc- 
t i o n  opera t ions  a t  sea may be conducted, 
10. F ina l l y ,  the behavioral  response of non-l inear systems t o  random vibra-  
t i o n s  i s  incompletely understood. Analyses of  such systems invar iab ly  f a i l  
t o  account f o r  the  " t rans ient"  responses which a r e  cont inual ly  and continu- 
ous ly  generated. I n  t h i s  sense,  the  work " t rans ient"  is  a misnomer s ince  
such responses a r e  pemanent f e a tu r e s  of t h e  time s e r i e s  record,  
NOMENCLATURE 
General Note: 
Superscripts 

i 
 inertial 
d damping 
m mooring restoring 
h hydrostatic restoring 
w wave -.induc ed 
Subs cripts 
bm Due to body motions (inertial effects) 
d Due to damping 
h Due to hydrostatic effects 
rn Due to moorings 
w Due to waves 
o Relative t o  waterline reference position 

I3 Relating to  a particular relative heading to  the waves 

w Relating to a particular angular frequency 

A* . ?  Component of added mass  tensor 
11 
a. .  Matrix element for longitudinal plane motions 
1J 

Arg The argument o r  phase of a complex quantity in an Argand representation 
x Ratio of wave amplitude t o  sway amplitude for  lateral motion-induced wave 
,Y 

Ratio of wave amplitude t o  heave amplitude for  vertical motion-induced 
*Z 
wave 
Response amplitude operator 
Local beam of barge section 
Vertical distance between CB and CG 
Vertical distance between CB and the metacenter (metacentric radius) 
b.. Matrix element fo r  la teral  plane motions 
11 

C Propagation speed of surface wave 
section coeff ic ied (rztio of sect',== a r ea  t e  =roduct nf sectinn beam and 
draft) 
Three-dimensional damping factor for  sway motion 
Three-dimensional damping factor for  heave motion 
Center of buoyancy 
Center of gravity 
Three-dimensional damping factor for  pitch motion 
Three-dimensional damping factor for  yaw motion 
Total energy (integrated area)  under spectral curve 
Force 
Mooring chain forces (with numbering subscripts) 
Acceleration due to  gravity 
Perpendicular distance from CG to  keel 
Local section draft 
Average half -draft 
Significant wave height (mean of highest third) 
Moment of inertia 
IT. Initial tension 
The imaginary par t  of a complex quantity 
Roll moment, positive about the x-axis 
Vertical distance from keel to CG 
Mooring spring constant for surge motion 
Mooring spring constant for sway motion 
Added mass  factor fo r  la teral  motion (zero frequency) 
Frequency dependent t e rm in la teral  added mass  factor 
Mooring spring constant for yawing motion 
Length of barge 
Pitch moment, positive about the y-axis 
Mod Modulus o r  magnitude 
Mean water level 
Mass 
Yawing moment, positive about the x-axis 
Sway damping coefficient 
Local sway damping coefficient 
Sway-yaw coupling coefficient 
Heave damping coefficient 
Local heave damping coefficient 
Weave-pitch coupling coefficient 
Pitch damping coefficient 
Roll damping coefficient 
Yaw damping coefficient 
Vertical distance from CB to  free  surface 
Perpendicular distance from the f ree  surface t o  the CG 
Effective body velocity 
The rea l  par t  'of a complex quantity 
Cross-sectional a r ea  and a r c  length of cable catenary 
Mooring chain 
Wind speed 
Displacement of barge 
Forces  acting (positively along the x-, y-, and z-axes, respectively) 
Local center of buoyancy of section 
Orthogonal axis systems ;x-axis horizontal, positive toward the bow ; 
y-axis horizontal, positive to port; z-axis vertical, positive upward. 
Also used to  represent translational ship motions surge, sway, and 
heave, respectively, relative to a state of res t  
Angle made by the mooring lines from the longitudinal axis horizontally 
Heading angle of waves relative to  the heading of the barge ( 8= pW - &) 
Heading angle of barge relative to  the wind 
Heading angle of an individual wave relative to the wind 
Elevation of the free  surface 
Angular displacement (pitch) positive for rotation about the y-axis 
Wave length 
A diummy variable coincident with x 
Mass density of the fluid 
Angular displacement (roll) positive for rotation about the x-axis 
Angular displacement (yaw) positive for  rob t ion  about the z-axis 
Angular frequency 
LINEAR THEORY OF SHIP MOTION USING SLENDER BODY APPROACH 
ATION OF THE EQUATIONS OF MOTION 
The derivation of the equations of motion of the moored barge follows, in general, the 
form given by St. Denis and Pierson (1953) and Kaplan and Putz (31962). Two important 
differences a re  noted. The first i s  that no assumption is made concerning the depth of water 
in which the barge is moored. Thus, the expressions for the exciting forces and moments 
a re  equally valid in deep or shallow water, subject only to the limitation that the linear 
theory of ship motion remains valid. St. Denis and Pierson considered the free ship in deep 
water and Kaplan and Putz considered the moored ship, but again only in deep water, The 
present analysis t reats  the moored ship in water of any depth. 
Even for  the idealistic deep water case, the behavior of real physical moorings i s  
complicated. Kaplan and Putz proposed a considerable simplification by relating expressions 
for  mooring restoring forces for the deep water case to the elastic effects in the mooring 
cables. However, the mooring restoring forces of the present problem arise from displace- 
ments of the catenary, and a similar simplification, although possible, is not realistic. Thus 
it is necessary to derive general expressions for the mooring line with sinker which may then 
be linearized for small displacements about the point of equilibrium. 
The second difference noted concerns the geometric shape of the platform under study. 
This differs from normal ship forms in that the breadth-to-draft ratio is extremely large, 
and in the course of the analysis the modifications necessary to apply certain coefficients, 
most of which were derived for normal ship forms, will be indicated. 
Coordinate System 
Following Korvin-Kroukovsky (1961), in analyzing ship motions in waves, it i s  generally 
necessary to stipulate two systems of axes, one fixed in the body and one fixed in space. 
The system fixed in the body is a translating right-hand Cartesian system with the 
origin at the center of gravity of the body. The axes have a fixed orientation in that the origin 
translates with the center of gravity of the body but the axes cannot rotate. Thus the axes 
may be  considered to occupy the mean position of small angular oscillations. For this reason 
some authors r e fe r  to them as  "mean body" axes. With respect to the orientation of the barge 
(or ship), the x-axis i s  chosen positive toward the bow, the y-axis i s  positive to port, and the 
z-axis is positive upward. The dynamic variables a r e  the linear displacements, surge (x), 
sway (y), and heave (z), along the respective axes, and the angular displacements, roll ($), 
pitch (Q), and yaw (@), which are  defined a s  positive in a direction of positive rotation about 
the x-, y-, and z-axes, respectively (i. e. , port-upward, bow-downward, bow-portward). 
The positive direction of the forces and moments is similarly defined. The foregoing system 
of axes is sufficient to describe most of the motions of the barge in still water. 
In order to describe the excitation effects, that is, the motion of the barge induced by 
the wave system, it has been found useful to introduce another system of coordinate axes 
which is firred in space. This is a nontranslating and nonrotating system and has i t s  origin 
at the f ree  surface directly above mean position of the center of gravity. It is also a right- 
hand coordinate system. The axes a r e  shown in the sketch below. 
Formulation of Equations of Motion 
The equations of motion are formulated by equating to the motions the sum of the forces 
(and moments) acting on the body. The total force (or moment) acting on the body is the sum 
of the forces arising from dynamic body motions, Fbm, damping, Fd, hydrostatic restoring, 
Fh9 mooring restoring, F m9 and excitation, Fw. 
The force exerted by the body in accelerating the surrounding water gives r ise to equal 
and opposite forces by the water on the ship. These forces (and moments) arise from the 
dynamic body motions; they are of an inertial nature, and being proportional to acceleration 
a r e  usually expressed in terms of a fictitious added mass, which in combination with the 
body's intrinsic mass yields the commonly known "virtual mass. " The total inertial force 
(moment) has components in all the translation (rotation) directions. 
The damping forces  involve the dissipation of energy and result from wave generation, 
viscosity, and eddy-making. Except fo r  the roll motion, only damping due to wave generation 
is considered in the present study. The total damping force (moment) has components in all 
the translation (rotation) directions. 
+ surge, x 
CG = origin of "mean bodyt' axes (i.e., that system fixed in  body) 
0 = origin of axes fixed in space 
OG = distance between CG and mean water level 
The hydrostatic restoring forces  (moments) a r i se  f rom buoyancy effects induced by 
static displacement. The total hydrostatic restoring force has  a component only in the 
vertical (z) direction, while the hydrostatic restoring moment has components in the roll (4) 
and pitch (8) directions. 
The mooring restoring forces  resul t  from displacement of the body from the equilibrium 
mooring position. These forces  a r e  assumed to be linear functions of displacement, an 
assumption justified for  small displacements. For large displacements, however, the forces  
a r e  known (from other experiments) to be  nonlinear. Furthermore, the total mooring force is 
assumed to have components only in the surge (x) and sway (y) directions, while the total 
mooring moment is assumed t o  have a component only in the yaw (@) direction. 
Finally, the excitation forces  (moments) a r e  assumed to be due only to the waves. The 
effects of winds and currents  a r e  not considered. The wave forces  (moments) have compo- 
nents i n  all  the translation (rotation) directions. In view of the foregoing, the six equations 
of motion corresponding to the 6 degrees of physicdl freedom in which the body is permitted 
to move, may be  written a s  follows: 
Surge (x) 
.. 
mx = X. + Xd + Xm + Xw 
1 

Heave (2) 
mz 
.. 
= Zi + Z + Zh + Zwd 
Roll (45)  
I," K.1 + Kd + K + Kw 
Pitch (8) 
I a ' = N .  + N d  + Nh + N w  
Y 1 
Yaw (G) 
Iz$ = Mi + Md + Mm -t- Mw 
where m = mass  of body 
Ir = moment of inertia of ship about the r-axis 
X, Y, Z = force in surge, sway, and heave, respectively ' 
K, N, M = moment in roll, pitch, and yaw, respectivelly 
with subscripts on the forces and moments indicating the type of force or  moment, according 
to the following notation: 
i = inertial 
d = damping 
h = hydrostatic restoring 
m = mooring restoring 
w = wave excitation 
The fundamental assumption of the present approach is that of linearity. Specifically, 
it is assumed that if the excitation te rms in Equations A-1 through A-6 are  neglected, the 
resulting equations are  second-order linear differential equations with time, t, a s  the inde- 
pendent variable. The excitation te rms merely add to the "right-hand side" a term of 
sinusoidal nature. In accordance with the linear theory, there is no coupling between the 
variables in the two planes of motion, the longitudinal-vertical (surge, heave, and pitch) and 
the horizontal (sway, roll, and yaw). However, the longihdinal motions in the vertical plane 
Qrnonl~pIe(?te & ~ 4  the I&r$ LC thp h ~ r i ~ g d f l  ~),h,er? ~irr-il~~ly eqz~tin~s QQ(? t r ~ q ~ y ~ r s e-u U V I  
vertical planes a r e  coupled to each other. 
To find analytical expressions for force and moment te rms appearing in Equations A-1 
through A-6, an approximate method is employed which has been successfully applied to many 
studies of ship motion in waves. The method is the well-known slender body theory. Essen-
tially, this theory makes the assumption that, for  an elongated body where a transverse 
dimension is small compared to i ts  length, the flow at any cross section is independent of the 
flow a t  any other section and, hence, the flow problem is reduced to a two-dimensional 
problem in the transverse plane. The forces at each section are  found by this method, and 
the total force is found by carrying out an integration over the body length. Although the barge 
dimension in the y-direction (breadth) is not small relative to that in the x-direction (length), 
the technique has also been successfully applied to wing sections with low aspect ratios 
(approximately equal to 1). Kotik and Thomsen (1963) have shown that the expressions given 
by Nogner (1932) fo r  calculating wave resistance for shallow ships (i. e. , large beam-draft 
ratios) agree with the Michell slender ship theory when the beam is made small. Hence there 
is sufficient precedent for use of the slender body approach in the preserit case. NeverLleless, 
the large beam-draft ratios require that certain modifications to the approach be employed. 
Such modifications will be indicated in the course of the analysis. 
The following five sections (indicated by headings in capital letters) a r e  devoted to a 
detailed derivation of the different force and moment components appearing in Equations A-1 
through A-6. Particular attention is placed on the evaluation of these components a s  they axe 
related to the unique barge being studied. 
DYNMMIC FORCES AND MOMENTS DUE TO BODY MOTIONS 
The hydrodynamic forces  and moments of an inertial nature ar ise  from the action of the 
forces  and moments of the surrounding water on the barge, and a r e  caused by the temporal 
displacement of the barge. The simplified resul t  of slender body theory calculation is that 
the local force at any section is equal to the negative time rate  of change of fluid momentum. 
The equations for  the forces  a t  each section then have the general form 
where the A. .' denotes the sectional added mass  along the it.& direction due to motion in the jt& 
1J 

direction; q. is the effective average velocity in the jt& direction, and D/Dt denotes the 
J 
substansive or  material  derivative. Since the analysis i s  fo r  zero speed, then D/Dt becomes 
simply a /a t. 
The added ma s s  terms,  AijT, a r e  frequency-dependent and thus take into account the 
effects of the f ree  surface. The sum of the products A..' 9insures that all couplings a r e  
11 
included in the analysis subject to the limitation previously indicated (i. e. , there a r e  no 
couplings of any of the longitudinal motions with any of the lateral motions). 
Surge, Xi 
Since pitch is the only motion other than surge having a component in the surge direction, 
the summation indicated by equation A-7 is All x + A15 9 .  Thus the sectional surging force is 
There is no simple means for estimating the added mass  component All1, but i t  is known to be 
quite small for  slender bodies and hence the f i r s t  term in Equation A-8 is neglected. Rewriting 
Equation A-8, 
The symmetrical nature of the added mass tensor, A.., may be utilized to evaluate the 
11 
integral appearing in Equation A-9. It is noted that surging-induces a pitching moment of 
magnitude rn I I G, where m is the barge mass, the vertical distance from the center 
of buoyancy to the center of gravity, and is the acceleration in the longitudinal direction 
(surge). Thus, the added mass in pitch due to motion in surge, A,,, is equal to the coefficient 
JJ. 
of the pitching moment, or  A51 = m IEI. But from symmetry, A15 = -A51. Thus, Equa- 
tion A-9 becomes 
(A- 10) 
It is clear that the integral of the sectional added mass coefficients, A15', may be replaced by 
its composite A15 The unprimed notation is employed to indicate that a summation has been 
carried out over the body length. 
Sway, Yi 
The sectional damping force for lateral motion is formulated by reference to the 
coordinate axis fixed in space ji. e. , at  the mean free-water surface ieveij. This axis is chse i i  
because the roll axis coincides with the longitudinal axis passing through the CG of the barge 
and the necessity for determining individual CG's of each sectional element may be eliminated. 
Thus, 
(A-11) 
where the subscript "ow refers  to the mean water surface level. The difficulty of evaluating 
A26' demands an appropriate substitution. Kaplan and Putz (1962) suggest that since the 
quantity 4 5; represents the linear acceleration of the CG of a sectional element in the sway 
direction due to motion in yaw, the use of AZ2' in place of AZ6' is justified. Further, since 
A241 = -AG2?, Equation A-11 becomes, upon substitution, 
(A- 12) 
The last te rm in Equation A-12 represents rolling motion about the free surface level. Rolling 
motion about the composite center of gravity may be geometrically decomposed into an equiva- 
lent linear velocity and a roll motion about the free surface level. Thus, in referring the sway 
force to the origin at  the center of gravity of the body, it is necessary to add an equivalent 
linear velocity term. Kaplan and Putz give the following equation for the sway force: 
where is the distance from the center of gravity to the free surface level. 
Heave, Z; 
In the case of the vertical force, the displacement of the center of gravity of a sectional 
element is the resultant of pure heave and pitch motions. The sectional vertical force is 
(A- 15) 

The last term represents the heave contribution from pitching about the body center of gravity. 
The quantity f ? ,  however, represents the linear acceleration of the CG of a sectional element 
in the heave direction due to motion in pitch. Thus, AQS1( may be employed in place of As5', 
and Equation A-15 becomes 
Pitch Moment, Mi 
The values of the moments a r e  easily obtained from the forces. Thus the sectional pitch 
moment i s  
(A- 17) 
where is a dummy variable along the z-axis. 
(A-18) 

The last  expression in Equation A-18 represents the contribution to pitch moment resulting 
from surging motion. Since the surging force acts through the center of buoyancy (distance 
IBG 1 below the center of gravity), this te rm can be evaluated separately and the need for 
determining an average < can be eliminated. Thus, 
(A- 19) 
The pitch moment thus becomes 
Yaw, Ni 
P 
The yaw moment is likewise obtained from the forces. The sectional yaw moment is 
(A- 21) 
Substitution of Equation A- 13 into Equation A-21, and integrating, yields the total yaw moment 
(A- 22) 
Roll, Mi 
The roll moment relative to the mean free surface level is formulated according to 
Equation A-7 a s  
Reference to the coordinate axis whose origin is fixed in space eliminates the need for 
.. 
determining location of the sectional CG's. As in the case of sway, since the quantity e J, 
represents the linear acceleration in sway due to motion in yaw, Kaplan and Putz (1962) sug- 
gest substituting A421 f for A46'. Equation A-23 then becomes 
The last integral in Equation A-24 when combined with the body roll moment of inertia yields 
the total effective roll moment of inertia. The value of the latter quantity is obtained from 
prototype measurements of the natural roll period and metacentric heights. The roll moment 
may now be referred to the center of grsivity of the barge by including the product of the lateral 
forces referred to the free surface level and an appropriate moment arm. Thus, 
(A- 2 5) 
Substituting Equations A-24 and A-12 into Equation A-25, the roll moment representation 
becomes 
where the integral appearing in the final term represents the total added moment of inertia 
in roll. 
The representations for the forces and moments of an inertial nature presented in this 
section a r e  seen to consist of linear combinations of te rms proportional to acceleration. 
DAMPING FORCES AND MOMENTS 
The damping forces and moments a r i se  f rom wave generation and viscous effects. 
Except for  the roll motion, only damping due to wave generation has been treated in the 
literature. The damping forces and moments a r e  assumed to be proportional to the body 
velocity and hence the problem reduces to a determination of the coefficients of velocity in the 
equations of motion. In accordance with the generalized formulations presented herein, the 
sectional damping te rms appear a s  
(A- 27) 
where q. is the velocity component in the j& direction; (CN').. is the sectional force per unit J 1J 
velocity along the jt& direction due to motion i n  the i ,direction and takes into account the 
three-dimensional effect on the damping force calculated from two-dimensional sections. 
Simply stated, the correction factor, C, is the ratio of three-dimensional to two-dirnensional 
damping in the jt& direction when the motion is in the i& direction. They are  termed "pure" 
damping factors and, with the exception of roll motion, a r e  applied only when j = i. Other-
wise, C = 1. 
In the literature on ship motion studies, the treatment of damping forces and moments 
has followed in general an empirical rather than a theoretical approach, As a result, in order 
to evaluate the effect of these forces and moments on the body of interest, a detailed and 
voluminous background of information would be required. Therefore, only the final results 
with appropriate references a re  presented in this section. 
Surge, Xd 
The surge damping force has the form 
(A- 29) 
For normal ship forms, the surge damping is known to be quite small since the surge motions 
do not produce appreciable waves. Viscous effects a r e  also small. Newman (1961) points out 
that for  three-dimensional damping of submerged ellipsoids at zero forward speed, the 
general behavior of surge and heave damping functions of frequency is similar. Substituting 
the unit total damping force (unprimed) for  the summation of the sectional damping forces, 
Equation A-28 becomes 
Equating the surge damping coefficient to the heave damping coefficient and introducing the 
fractional product factors, f (w ) ,  obtained from the results of Newman, the surge damping 
force becomes 
(A-30) 
where CZ is the three-dimensional damping factor for pure heave and NZ is the total unit 
damping force in heave. The double-index subscript has been dropped in this notation. NZ is 
given by the relationship 
where % is the ratio of amplitude of the heave-generated wave to the amplitude of heaving 
motion of the elementary section. 
Sway, Yd 
For  the case of lateral motion, the sway damping force at  each section has the form 
where N ' is the unit swaying force per unit lateral velocity. Equation A-31 can be written
YY 
Noting that N ' i s  the unit swaying force per  unit angular velocity due to roll and that rolling 
Y+ 
about the longitudinal axis induces a swaying force acting at  the center of pressure (i. e., a t  a 
distance I BG I from the CG), the quantity "- I B G  / Nyy9 q y  may be substituted for the term Ny6'. 
Kaplan and Putz (1962)state that the sway damping factor can also be applied to the lateral 
damping contribution from rolling motion. On that basis, and with C = 1, the final formyfi
of the total sway damping force becomes 
where N ' is given by the expression 
YY 
The quantity is the ratio of the amplitude of the sway-generated wave to the amplitude of 
Y 
swaying motion of the elementary section. Vossers (1960)provides a means of evaluating Y 
from the relationship 
(A-35) 
Substituting into Equation A-34, the lateral damping force per unit vertical velocity of the 
Y 
section is 
(A- 36) 
Thus, 
and 
(A- 38) 
Heave, Zd 
The vertical damping force at each section h s  the  form 
(A- 39) 
(A- 40) 
where 
(A-41) 
and 
(A- 42) 
Thus, since C,, = 1, Equation A-40 becomes 
zd = czz5 i + N ~ ,6 
where 
t b  4 b 

N = Nzzfd t  and NZ, = NZZ1e de 

z 

S s 
Pitch, Md 
The moments pitch, yaw, and roll a r e  easily derived from the forces. The form of the 
sectional pitch damping moment is 
(A- 44) 
(A- 45) 
Making the substitution that No =jr F bN  ? 52 d t ,  and setting COZ = 1, and 5s zZ 
COO -- Czz, the final form of the pitch moment becomes 
yaw, Nd 
The sectional yaw damping moment is 
but C*y = C@$ = 1, and Equation A-47 becomes 
Setting 
the final representation of the pitch moment is 
The roll  damping t e rm  due to la teral  motions is  approximated by the relation 
K~ = I B G I Y ~ (A- 50) 
where it is assumed that the center of action of the lateral force is a t  the center of buoyancy; 
thus the total force due to roll  damping is 
(A- 51) 
&plan and Putz (1962) s ta te  that the quantity C ( I B G / ) ~Ny should be replaced by a pure 
YY 
roll  damping t e rm  N4 which may be obtained from experimental data. Specifically, N4 is 
obtained from an examination of the roll  decay curve. However, roll  is a highly tuned motion 
and the damping value is only important near  the natural roll period. Thus, Kaplan and Putz 
suggest that the damping coefficient N+ be calculated from the total roll moment of inertia, 
natural roll  frequency, and the extinction characteristics of the rol l  decay curve. Thus, N4 
may be calculated from the following relationship: 
(A- 52) 
where Ixt is the total roll moment of inertia, T4 is the natural roll  period, and ,u is the 
dimensionless coefficient of decay, which is usually obtained from experimental data. 
HDROSTATIC' RESTORW-6 FORCES AND MOMENTS 
The hydrostatic reactions a r e  those caused by displacements of the barge from the 
equilibrium position in still water. These restoring effects, which exist only for  the heave, 
pitch, and roll motions, a r e  well known, being derived in detail in a number of important 
references (e, g,, St. Denis and Bierson, 1953), and therefore only the simplified results a r e  
presented herein. 
Assuming that the angular displacements in roll  a r e  small and that the effective buoyancy 
change is due to total immersion of the local cross-sectional element (whose sides a r e  
assrimed Lo be almost parallel near the intersection with the free surfzee), the sectional 
vertical force due to net vertical displacements is 
(A- 53) 
Similarly, the hydrostatic restoring pitch moment is 
(A- 54) 
From Equations A-53 and A-54, the final forms of the hydrostatic restoring heave force arad 
pitch moment a r e  respectively 
(A- 55) 
and 
(A- 5 6) 
The righting moment for  roll  motion is the well-known expression 
(A- 57) 
where V is the displaced volume; JGM(is the transverse metacentric height, which is the 
distance between the center of gravity and the metacenter (a point on the vertical axis of 
symmetry intersected by the resultant of the displaced center of buoyancy caused by small  
rol l  motions); and W is the total barge displacement. 
MOORING FORCES AND MOMENTS 
The barge is spread moored by an unusual chain and stake pile system, with both bow 
and stern moorings. Figure 4 presents a schematic representation of the mooring configura- 
tion and the catenary profile which the chain and stake pile system assumes when the sinker 
is attached. Thus, any changes in the mooring forces on the barge (and therefore also in the 
chain) occur a s  a result of changes in the catenary profile (i. e. ,  changes in energy state) 
resulting from barge displacement. Hence, it is necessary to determine relationships between 
the displacement of the barge and forces in the chains. 
Simple Catenary Equation 
The general mooring line equations for a chain of constant linear density with an attached 
sinker a r e  derivable from the simple catenary equations, which are  well known. The following 
relationships, referring to the definition sketch shown below, have been found useful in 
describing the catenary profile and the tensile forces: 
k
- El2 = 2c sinh 
s = c sinh-X 
C 

where T = vertical force at point (x, y)
v 

Th = horizontal force at point (x, y) 

T = axial tension at point (x, y) 
s = length of curve from point (0, c)  to point (x, y) 
w = weight of chord per unit length 
When a sinker of weight W is added, the chain axis follllows the curves of two catenaries 
as shown by the following sketch. 
Through appropriate algebraic manipulation, i t  is possible to derive expressions relating 
the ordinates labeled yl, y2, xl, and x2 and the parameters  w, Th, Tvq, s2, s l ,  and W. 
These expressions a re :  
(A- 58) 
(s: - y:) + + (A- 60) 
Fo r  the usual problem, W, w, s l ,  s2 and (yl + y2) and (xl + x2) a r e  known and it is 
desired to find Th and Tv. Thus, we have the equivalent of two equations in two unknowns 
which a r e  easily (though laboriously) obtained. 
A special case exists, however, when s2 and (x 1 + x2) a r e  also unknown. This happens 
when a portion of the chain is lying on the ocean bottom. In order  to overcome this difficulty, 
total initial tensions were measured on the barge and checked with the values obtained from 
Equations A-58 through A-61. Adjustments in s2and (xl + x2) were then made to effect 
agreei~ientbetween the calcnlated and measured values. The r e s d t s  fo r  each of the four 
chains a r e  shown in Figures A-1 and A-2, where the restoring force relationships a r e  indi- 
cated. The resultant of the four horizontal tension components must also be zero, which 
se rves  a s  an additional check on the equilibrium position of the barge. 
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Barge Displacement 
At the equilibrium position, the restoring effects may be considered linear since the 
displacements a r e  small  relative to the chain lengths. Thus, with the barge moored a s  shorn  
in the following sketch, 
the displacement of a single cable such a s  No. 3, caused by motion of the cable in surge, x, 
is dk = d x  cos (a3+ da3) .  Since d a 3  is small, then d l  = dx  cos (a3).  The restoring 
force in the x direction due to motion in the x direction in the cable is 
2C d x  cos or cosclg = C3 Ax cos cr33 3 
where C3 is the effective spring constant (the slope of the displacement-force curve). The 
total longitudinal force on the barge induced by the moorings is 
4 i = 4  
Xm = -x 7,C; cos 2 a; = -x C (kx)iA 

i=1 i = x  
where 
For  sway motion, the effective displacement along the cable is d y  s in  (ag + d c ~ ~ ) ~  
Again, combining the components from al l  the cables? the total lateral force is given by 
i = 4  i = 4  
2 ym = -y C ci sin ai = -y C (ky)i 
i =l 1 =  1 
For  yaw motion, the lateral displacement a t  one end of the barge is (L/2) 1C/, where 
L is the barge length. The net lateral force at one end of the barge is then 
2 LI = /c. sin ui + + 2 sin a$. +ymly;$. j l ) L  
2 
= +fi CL ci sin ori 
The moment a rm  is L/2 and the contribution to the yaw moment (at each end) is 
Now that the forces a t  each end a r e  opposite and approximately equal (since the yaw axis 
origin is at  the center of gravity and not midway between the points of action of the mooring 
forces),  the net contribution to the yaw moment acting on the barge is given by 
Alternztively, the variations in the force in the mooring chains due to motions of the barge 
can be easily found. The longitudinal displacement, x, and the net la teral  displacements I y  = (L/2) fi] at the bow and [y  - ( ~ / 2 )fi] at the stern, can be combined to determine the 
net variation in elongation of each mooring chain. In the case of the s tern port chain, the 
displacement from surging motion of the barge is x cos a3' while the chain displacement due 
to motions of sway and yaw is [ y  - ( ~ / 2 )fi] s in  o r 3 .  
Lateral motions create different effects in chain displacement direction at either bow 
o r  s tern,  whereas longitudinal motion (surge) causes the same displacement direction, a t  
either 'mw o r  stern. The general expression for  the fluctuating mooring force in the c h i n s  is 
The expressions for  the individual chain forces a r e :  
Bow -
starboard 
Stern -
port 
x cos a4 + (y - $ @4) sin a4 starboard 
Fo r  the present study, Figures A- l  and A-2 and Table A- l  summarize the results 
obtained from the mooring calculations. The values of 5,ky9 and k@ may be considered 
the effective spring constants for  surge, sway, and yaw. As a result, natural periods for  
these motions exist in  the case of moored ships which do not exist o r  a r e  effectively zero in 
the case  of f ree  ships. The introduction of the existence of these natural periods is the main 
feature which distinguishes the resulting motions of moored ships from those of f ree  ships. 
The other  natural periods of heave, pitch, and roll  still exist for moored ships a s  they do for 
f r e e  ships. Since the natural periods in heave, pitch, and roll a r e  related to the hydrostatic 
restoring forces and moments, a measure of the influence of the moorings can be obtained by 
comparing the relative magnitudes of hydrostatic and mooring restoring forces. Previous 
work on normal ship forms has indicated that the mooring restoring forces a r e  small  relative 
to  the hydrostatic restoring forces.  Thus, there is some justification for concluding that the 
natural periods of heave, pitch, and roll  a r e  relatively unaffected by the presence of the 
moorings. 
Table A- I. Mooring Spring Constants 
Connects to 
Stern starboard 
Bow starboard 
EVALUATION OF WAVE-EXCITING FORCES AND MOMENTS 
The hydrodynamic forces and moments induced by waves a r e  obtained by application of 
slender body theory. Kaplan (1957) states that: 
A consequence of the use of slender body theory is that the crossflow in each c ross  
section is independent of the flow a t  other sections, and the connection of this two- 
dimensional flow with the actual three-dimensional problem is through the boundary 
condition, which contains the longitudinal coordinate ( a s  a parameter.  At each 
section the boundary condition is a function of x, since it is dependent on the body 
geometry. The total force acting on the body is found by integrating the elemental 
forces at  each section over the length of the body. 
In a general survey of the application of s t r ip  theory to wave-induced effects fo r  slender 
bodies, Korvin-Kroukovsky (196 I) s ta tes  that the wave-induced force acting on an individual 
ship section of the length, d t ,  is composed of inertial, damping, and displacement components 
The inertial  component is proportional to acceleration; the damping component is proportional 
to velocity, and the displacement component is of course proportional to a displacement term. 
Thus, the total wave-induced force acting on an elemental section is 
(A- 62) 
where 1 indicates an inertial contribution, 2 indicates a damping contribution, and 3 indicates 
a displacement contribution. 
Inertial Te rms  
Kaplan and Putz (1962) state that the wave forces on a surface ship can be represented 
in the same manner a s  for a submerged body, but with the frequency dependence of the added 
mass  te rms  included in the final representation. On this basis, the inertial  contribution to 
the wave-exciting forces for  the present case of zero speed is represented by 
(A- 63) 
where d~,") is the inertial wave force acting on the elemental section, d t ;  p is the mass  
density of s ea  water; S is the cross-sectional area;  A.. is the sectional added mass coefficient 
1J 

along the i direction due to i t s  motion in the j direction; D / D ~is an operator denoting the 
substansive o r  material  derivative; and coi is a component of the orbital velocity evaluated at  
some reference point on the barge hull. The reference point chosen for  this analysis is the 
intersection of the vertical plane containing the longitudinal centerline (due to symmetry) and 
the horizontal plane representing the mean half draft of the barge. The la t ter  is an approxima- 
tion to  allow for the influence of the exponential decay of wave particle velocity. The wave 
particle velocity, qoi, is obtained from the velocity potential given by Lamb (194 5) and 
compatible with the adopted coordinate system. This wave potential is 
2 n z  
7
@ = a c e  A cos (x cos B + y sin B - c t )  (A- 64) 
2
where a is the wave amplitude; c is the propagation velocity, [C  = (gh/2n) tanh (2 rrd/h)]; 
A is the wave length; z is the vertical coordinate denoting the point a t  which the velocity will 
-
be evaluated and will be set  equal to the mean half draft of the barge, -h ; B is the angle 
lying between the x-axis and the normal t o  the wave c res t s  and lying in the range -nI f l  5 n-; 
and d is the mean water depth. Note that the t e rms  x cos B and y s i n p  a r e  merely the pro- 
jections of on the lines cos /3 and sin 6 ,  respectively. The surface wave 
elevation, 77, is 
(A- 65) 
or ,  substituting, 
a tanh x d  sinrl = ---- (x cos p + y sin^ - c t )  (A- 66) h 
For deep water tanh 2 nd/h = 1, and Equation A-66 becomes 
= a s in  27T (x c o s p  + y s i n p  - c t )  
Damping Terms  
Damping forces  ar is ing from wave action a r e  due to the difference between the body 
velocities and the wave orbital  velocities. These forces should not be confused with damping 
due to motion of the body in otherwise s t i l l  water, discussed elsewhere. -Kitplan and Putz 
(1962) state that the "basis for  including such a representation in the wave-induced effects 
for slender bodies is in the recent thesis by Vossers (1962), while it has been used in other 
studies purely on the basis of empirical reasoning. " Thus, formulating an expression f o r  
the damping forces,  we have 
where yoi is a s  defined previously, C. is a three-dimensional damping factor, and N- . is 
1 11 

the sectional (elemental) damping coefficient. 
Displacement Terms  
The displacement t e rms  a r e  due to the buoyant effect of the waves a s  they pass the 
barge hull. Thus, the displacement t e rms  a r e  included only in the vertical force and may 
be represented by 
(A- 69) 
where p* is the local section beam. The wave force expressions for surge, Xw;sway, 
Y ; heave, Z - pitch, Mw; yaw, Nw; and roll, Kw, may now be derived in accordance with 
W w' 
Equations 19-62, A-63, A-68, and A-69. 
Surge, X;,, 
Evaluating the wave orbital velocity, 9oX, from the wave potential, Equation A-64, 
gives 
sin 2n (x cos + y s i n 6  - c t )  
The substansive derivative, 
D(u) - a(u)  + (u )  a (u)  + (V) + w a(u> (A-71) - i?(u)) B t  a t  3~ a~ 
where the f i rs t  t e rm  on the right-hand side represents the temporal acceleration and the 
last  three t e rms  represent the convective acceleration due to convergence of the flow. 
Since one of the basic assumptions of slender body theory a s  used herein is that the con-
vergence of the wave motion flow pattern resulting from presence of the body is negligible, 
the convective t e rms  may be set  equal to  zero. Thus, 
and 
- e A -au -a c2 (F)~ cos 2 (x cos B + y sin - c t )
a t  
Recall that 
cos (A - B) = cos A cos B + sin A sin B 
2 x z  
-
DU 
-
a~ 2 ~2~ 
+-
A 2 nDt  - at = - a c  (A) cos 7(x cos /3 + y s i n p )  
2 n
sin 5; (x cos ,6 + y sin /I)  (A-75) 
From Equation A-63, 
Since C A ~ ~is the sum of the added masses  in surge and is approximately equal to zero for 
a slender body, then 
xw(') = 2 x Z e  A- p a c  2 (7) (b s cos 2 (x cos 8 + y sin B )  
S 
2 nS sin -5; (X cos p + y s in  B )  d 
where S = f ((-1, 2nd c = A/T = hw / 2 x  by definition. 
In order  to compute x~ ( ' ) ,the right-hand side must be evaluated at some reference 
-
point z ,  y. The reference point chosen in this anaiysis is z = -n ,  y = 6. The mean kdif 
draft, E,  is chosen to approximate the influence of the exponential decay of wave particle 
velocity. The vertical centerline is chosen because of symmetry.  H~wever,since the 
barge is not really slender, and since the beam of the barge is not small  relative to some 
of the wave lengths, an additional correction must be introduced. Kaplan and Putz (1962) 
s ta te  that: 
"Since the various integrals a re  really of the form 
4b cos (-2 r x  f ( t )  sin A c o s p  + sin^) d4 
S 
a proper move would be to represent the influence of this additional t e rm by 
finding the mean value of the beam. Using maximum beam, B, a s  a base, 
since the barge is close to a full planform shape, the quantity of interest is 
B 
cos /i~+ sin f i  
which is equal to 
which accounts for  the influence of the beam-wave length ratio in a more 
rational manner (although not the most precise method) than simply setting 
y = O . "  
-
Therefore, setting a, = -h, y = 0 and introducing the product factor 
sin (ysin 8) 
sin8 
the expression for  the surging force x ~ ' "becomes 
xw(l)= -p a c  s cos 2n  (X cos 8) d~ 
-sin 8h 
tb 277-
S sin (x cos 8 )  d t  IS 
where c2 = (gA/2n) tanh ( 2 n d / ~ ) .  
Surge damping due to wave generation is generally quite small, and in the absence of 
more detailed information is neglected. Thus, 
Adding Equations A-77 and A-78 gives the general expression for  evaluating the surging 
force in deep o r  shallow water. In t e rms  of o and A ,  i t  may be written a s  
277-s cos -A (X COS B ) d t  
tb 2n 
S sin -A (x cos 8) d tJS 
where the only variable is o, since A may be found from the relationship 
For  head-on waves, /3 = +n, cos /3 = -1, sin /3 = 0, and Equation A-79 becomes 
2nK tb (-F)S cos d(Xw 
S 
% sin (-q) (A-80)dt] 
- 0 
n 
-I 
Making use of the trigonometric properties, 
t b  
S cos (y)d(  
S 
4b 
S sin (F)d(] (A- 81) 
S 
For deep water, 2 ~ / h= u2/g = g/c2 and Equation A-81 may be written 
For beam-on waves, B = n/2, cos fl = 0, and sin p = 1, and Equation 8-79 becomes 
Xw = 0 (A-83) 
which is the result in all depths of water. 
Sway Y, 
Evaluating the wave orbital velocity, q from the wave potential, Equation A-64 
0 ~ '  
gives 
- = - - = (x cos + y sin B - c t)] (A-84)a c  (F)
q o ~- a~ 
Again, the convective acceleration te rms are  set equal to zero, and 
DV  = a v  = - a c 2 ( y ) " e  Zn + y s i n p  - (A-85)t s i n g  [c o s x ( x c o s ~ ct)] 
+ (sin wt) s in?  (x c o s p  + y s i n@ )  (A- 86) 
From Equation A-63, 
but, Aij = AZ2' - (2n/A) for  sway motions, where AZ2' is the sectional added 
mass h-sway due to motion in sway a nd  A ., ' is the sectional added mass in roll due to 
--42 
motion in sway. Justification for including the latter term, although not germane to the 
immediate problem, is to take account of the possible effect of relative dimension of draft 
to wave length. Since the orbital velocities in deep water waves decay with depth exponen- 
tially, and since the velocities a re  evaluated at the mean half draft, i t  can be shown that 
there is in addition a "roll moment, " which is substantially accounted for by including the 
next highest order inertial term in powers of wave number (2n/A). 
-- 
The sway force, 'Yw('), then becomes 
-
2nz 2 
yw(" = -pw 2 a e " s i b  cos (X cos , ~ lAP  
++ y s i n J ? )I d t  + sin wt + - rrA421 sin [(F)(x cos gP A 9  S 
(A-87)+ y sin 8)I d t  I 
Evaluating the force at  the mean half draft, -h, and a t  the centerline reference position, 
y = 0, and introducing the correction for  the relative dimensions of the barge beam and 
wave lengths results in 
2 2:h sin s inp  + -A221 yw(') = - p w  a e P
s i n g  S 
(A-8 8) + -
2 ?rA42 
sin [y(x cos d t  
AP J 
The damping force, yw@), from Equation A-68, is 
(A- 89) 
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-
2nz  
277-
Yw(2) = c a w e  sin^ N sin (x cos 8 + y s i n  g ) d<f 37 YY 
S 
(A- 90) 
-
Again evaluating a t  the mean half draft, -h, and at  the centerline reference, y = 0, yields 
--2yii sin s i n a  
(2) = c a w e  h 
Y s i n p  
The swaying force, Yw, is equal to the sum of Y and YW (2.) W 
-
2 2 ~ h  s i n ~YW = -pw  a e  sin7rB + -
*22' 
s i n g  P 
s in  s in  8 
* ? s i n g  s 
(A- 92) 
which is the general expression for evaluating the swaying force. 
For  head-on waves, /3 = n, cos f l  = -1, sin p = 0, and Equation A-92 seduces to 
(A- 93) 
which is the result for both deep and shallow water waves. 
For beam-on waves, B = n / 2 ,  cos f i  = 0, sin ,8 = 1, and Equation A-92 reduces to 
_-2Xh sin I-
which is a valid expression for both deep and shallow water waves. 
Heave, Zw 
Evaluating the wave orbital velocity, qoZ, from the wave potential, Equation A-64, 
gives 
-
27Tz 
a4w 2 ~ r  % n  
q o ~ = W = - ~ -a z  - - a c  h e A cos ?; (X Cosp + y s i n p  - c t )  (A-95) 
Again, the convective acceleration terms a r e  set  equal to zero, and 
-
2nz 

D W  a w  2Tr

-B t = = -ac2  (A) e A sin ( x c o s p  + y s i n p  - c t )  (A-9 6) 
Making use of the trigonometric identities 
2 7rz 
eh 2 n  (X cos p + y sin 6 )= -ac2 j ~ ) ~[cos w t sin a 6 I
I 

27T
- s i n  wt cos ( x c o s B  + y s inf i )  1 
From Equation A-63, 
a@ the only added mass tensor of interest is ASST which is the sectional added mass 
coefficient in heave due to motion in heave. 
Therefore, A..' = AQST, and 
1J 

zw(') = s + + y s i n p )  d<  -pa w2 e (b sin aA ( C O S ~  
S 
- s i nw t  
4 3  + cos y (X cos 8 + y sin 8) a t  (A- 100) 
S 
-
Evalua-tins the force at  the mean half draft, -h,  and at the centerline, y = 0, after 
introducing the proper corrective term, results in 
--2yx sin s i n 8  
,w 
(1) = -paw 2 e A A 
sin f i  
- s i nw t  
The damping force, from Equation A-68, is 
(A- 102) 
Sb 2 n  
+ sin wt NeZT s in  (x cos ,8 + (A- 103) 
S 
which becomes iipoil evaliiatiori 
-
Zw(2) = - c e a w e  
-2 T~ s in  s i n p  
cos o t  
t b  
Nee1 cos (yx cos 8) d(
n-B
s inA S 
(b 
NZeT sin (yx cos p 
S 
The displacement force, is due to the periodic buoyancy alterations of the barge 
as the wave passes along the hull, md  is therefore proportional to the displacement of the 
water surface. Thus, 
where B* is the local section beam and 77 (4, t) is the water surface elevation. 
Since rl = a [tanh ( 2 n d / ~ ) ]  s in  (2 n / h )  (x cos ,f3 + y s in  8 - c t)  
then 
{b 2n 
B* cos 7(x cos #I+ y sin 8)  d4JS 
o r  af ter  evaluation 
(3) = p g a  
(
tanh-
2 ;d ) s i nFs inB  eb 
B* sin (Fx cos B) d~Zw 

s i n p  s 
4b 
B* cos (yx cos /?) (A- 107) 
S 
The total heaving force,  Zw,is equal to the sum of Zw(1) 
, Zw
(2)
, and Zw(3)- ,  o r  
-2xr; sin s in  
2 - AZ w =  - p a w  62 cos ot 

s in  B s 

- sin o t  cos '2n x cos /3\T 
S 
k eb 
- C a w e  
_-2 X h  s in  s i n B  
os o t  NZZ1cos (Fx cos /3) d t  
z 
 sin B s 
+ sin o t  N~~~ sin ( yx cos p )  d t  / 
. 
2 n-d
+ p g a  t a n h h  
s in  XB sin8 eb 
B* sin (yx cos 6) d l  
s i n 6  
t b  
B* cos (yx cos /I)deJ 
S 
-- 
Fo r  head-on waves, ,B = 7r, cos ,9 = -1, s in  B = 0, and Equation A-108 becomes 
t b  S + y)cos ( yx)
+ s in  w t 
S 
- s in  w t 
- p g a  tanh (y) 4 b B* sin (yx) d i  
s 
tb B* cos (yx) dC (A-109) 
S 
Fo r  beam-on waves, = n/2, cos B = 0, s i n g  = 1, and 
27rii sin 'B 
Zw = p aw  2 e A A s i nw t  
-
7rB 
A s 
Equations A-109 and A-110 a re  valid for both deep and shallow water waves. 
Yaw, Mw 
The wave-induced yaw moment, Nw, is readily obtained from the swaying force, 
Yw, since 
(A-I lI) 
where 4 is the moment a rm measured from the center of gravity. Thus, the general 
expression ior  the yaw moment, Nw, is 
-
2 sin s i n p  A22'-2rcNw = - pw  a @  + ------
s i n p  P 
A22+- (4)cog (yn cos p) d t  + sin w t S + - p
/ 
S '  
sin s i np  el3 
N ' (4) cos (Fx cos 8) d t  
s i np  YY / 
In the case of head-on waves, fl = T ,  sin p = 0, and Equation A-112 becomes 
Ln the case of beam-on waves, = n/2, s i n 6  = I, cos B = 0, and Equation 8-112 becomes 
Equations A-113 and A-114 are  valid for both deep and shallow water. 
Pitch, Mw 
The wave-induced pitch moment, M,, is readily obtained from the heaving force, 
ZW, since 
(A-115) 
where 6 is the moment a r m  measured from the center of gravity and the minus sign is 
necessary to preserve the right-hand notation. Thus, the general expression for  the 
pitch moment is 
-
2 7 5  n~ 
- A sin s i n 8  t b  %3'Mw = +paw & 
'KB cos o t  + - P
s i n p  s 

- sin wt + 
S 
-- A sin s i n p  
+ C Z a w B  
n B  
s i n p  s 
+ s inwt  N~~~ ( e ) sin (Fx CUS 8) de 
n B  
2 n d  sin -j; s i n p  t b  
-	 P g a tanh 
xB 

s i n p  s 

7 

B* (4 )  cos (Fx cos /3) 	 d t  
Fo r  head-on waves, f l  = n, cos = 1, sin ,B = 0, and the appropriate expression for the 
wave-induced pitch moment becomes 
+ sin wt 
127,-x\ 1
- s in  wt IebN (4)sin {T, ciel 
16s Z z 
B* (4) sin (Fx) d t  
(b  
B* ( 6 )  cos (Fx) d t  (A-117) 
S 
Fo r  beam-on waves, fl = 7,-/,'2, cos /? = 0, and sin ,6' = 1, and Equation A- 117 becomes 
+ p g a tanh -- I 
Equations A-1 16, A-117, and A- 118 a r e  valid in both deep and shallow water. 
Roll, mc, 
The roll  moment, K~ ( ' ) ,  referring to the f r e e  surface level, is given by Hu (1961) 
and Kaplan and Putz (1962) a s  
where Z is the location of the center of buoyancy of each section (Zcb < 0), and is 
cb 
measured f rom the f ree  surface level; A42' is the sectional added moment of inertia in 
roll due to motion in sway; A44' is the sectional added moment of inertia in rol l  due to 
motion in roll. 
Since damping in roll  is known to be quite small,  then K ~ ( ~ )  = 0. Hu also gives the 
roll  moment, K ~ ( ~ ) ,a s  
Adding Equations A-119 and A-120 gives 
Since Kaplan and Putz state that "the added moment of inertia in roll, A44', is quite 
difficult to compute, and with little faith in the validity of such a result for motions of this 
type, " an approximation is necessary to assist in the evaluation of the additional roll 
moment. Therefore, disregarding the term (2rr/A) A44' fo r  the moment, the remaining 
terms are  evaluated as 
- (B*)3] cos (Fx cos 6) d( + sin wt 
‘ zcb 12 [ ~ 4 2' 
- (B')3] sin (yn cos 8) d( / (A- 122) 
' 'cb 12 
Kaplan and Putz point out that the added moment of inertia, Aq4?, is actually that of the 
submerged part of the barge rolling about a point either at the free surface or  at  the mean 
half depth. They give an effective total added roll inertia of the form 
--2rr' sin (Fsin 6) (bA44 2 z n ,  A cos (yx cos 8)d(Kow" = -- L a m  (T) 
s i n 6  s 
+ sin mth: sin(? J .) cosx 
where L is the length of the barge and A44 i s  the added moment of inertia of the barge 
due to rotation about the center of gravity. If the waterline length ( 1 tb1 + Its 1 ) and 
barge length, L, a r e  approximately equal, then Equation A-123 can be simplified to 
-*sin (Fsing)A 
sin /3 cos w t (A- f 24)K o ~  nB
-j;s inB 
The total roll  moment, Kow, about the free surface is,  therefore, 
Referring the roll moment to the center of gravity results in 
-Kw - Kow + zz Yw = KO,' + Kow" + 0 z Y w  (A-126) 
where is the moment a rm  f rom the center of gravity to the f ree  surface. The general 
expression for  the roll  moment thus becomes 
(a*131 A\ - .  
- sin(?. cos i y j  
cos (yx cos B) d( 
s in  (yx cos 3 + ayw (A-127) 
F o r  head-on waves, g = x ,  s in  ,8 = 0, and Kw = 0. 

For  beam-on waves, B = x/2, s in  ,8 = 1, and cos = 0, and becomes 

K~ = - p a w 2  e cos o t - s zcb -
A44 2 / 2 x \ , T  
. r i b_ -
2nE 1 / 2 T x ~ - . 1
L a w  \x) r o s  wtJt Clt Jcos (h) 
S 
Summary . 
The wave exciting forces and moments a r e  seen to consist of expressions of the form 
fo r  the rG motion which a r e  frequency- and heading-dependent and assume a surface wave 
elevation 7 of 7 (x, y, t)  = a cos [wt + n/2 - (2n,'A) (xcos ,8 + y s i n g ) ]  where a is 
the wave amplitude and P is the angle between the x-direction and the direction of propagation 
of the waves. Assuming a unit amplitude ( a  = l), the coefficients and BrW of the 
general expres,sions a r e  a s  follows: 
Surge: 
--
2 TI; 
B~~ = - p a  2 e A cos ,8 
6 b 
s sin ('x cos 8) d i  
S 
Sway: 
--
2 Ti-K- A22q 2 

A ~ - pw  2 A sin 8 +-+-= e 
Y P A P  
s 
h
+ C U B  
--
2 nT; 
N sin (9i cos B (A-132)
Y YY 

2 AZ2' 27rA,,'\ /,- \ TLB~ = -pw B sin ,B ) sin (yx cos 8) d4 
Y + P A P  
Heave: 
+ sin (yx cos ,ti?) d t  
S 
B* sin (Fx cos 8) d ~  (A-134) 
B~~ 2 = p w e 
-
--
2 n h  
- ~ ~ w A e 
+ cos (yx cos B) 
(b N ~ ~ ?sin(Fx cos 8) ci i  
S 
ci, 
2nd
- p g tanh -A B 0 s  ( x 0 s ) d, (A-135) 
Yaw: 
2 nT; 
A
+ c o e  
9 
-- 
N ? 
YY 
(e) cos (yx cos (A- 136) 
s inB 
S 
+ - +  
- c
Y 
w e  
-
-s i n 6A 
d 
YY (4) sin @ x cos 8 )  d( (A-131) 
Pitch: 
+ (4) sin (Fx c o s ~ )d t  
B* (4) sin ( x 0 s ) d i  (A-138) 
(6) cos (yx cos 8) d( 
2 TI; 
-7 
A 43+ c w e  N~~~ (6) sin (yx cos 8) d(
z 
S 
2 n d  /2
+ p g tanh B* ( 6 ) cos (7x cos 
-- 
Roll: 
0 s  ( x 0 s 8) d( 
sing 
-- s in  (Fsin8) I sin /3 (b cos (yx cos ,8) d lL . 
 s i n g  s 
cos (yx cos 8) d( 
-sin /3 
+ ~ % S C  w e  
--
sin (Fx cos 8) d t  (A-140)
Y YY 

~ T B  sin (Fx cos d(
-A sin 8 
-

Q -
A"A 0 ,  s i n  ( i n1 (6, 
- 'Lwb67 
sin fi s 
(b 
N ' cos (yx cos B) d( (A-141) 
sin B s YY 
SOLUTION OF THE EQUATIONS OF MOTION 
The equations of motion a r e  thus formulated a s  linear combinations of terms 
proportional to accelerations, t e rms  proportional to velocities, t e rms  proportional to 
displacements, and terms sinusoidal in time. The method of undertermined coefficients 
is employed to obtain solutions to the equations of motion. Specifically, i t  is assumed that 
since the exeiting forces  a r e  sinusoidal, the responses (i. e. ,  the motions) will also consist 
of sinusoidal oscillations of the same frequency, but not necessarily in phase. 
Recall that the time history of the surface wave elevation is 
~ ( x ,y, t) = a cos (x COSB + y s i n g )  I 
which reduces to 
77 = (0, 0, t) = COS  (o t + -9 
when evaluated at  the center of gravity of the barge. Next, the r& component of the (known) 
excitation force o r  moment which is of the form 
Fr o r  MrW = ArW cos w t + BrW sin w t 
can also be written a s  
F o r  M~~ = 
r cos (u t  + Yr) 
where 
Since the motions a r e  also sinusoidal, they a r e  assumed to have the form 
where r (t) represents any of the s ix  motions. Since the exciting waves a r e  assumed to 
have unit amplitude and phase angle 7r:'2, a, and d, a r e  by definition the amplitude-response 
operator and phase-response operator, respectively. Thus, the problem is reduced to 
finding a, and 6, f o r  each of the motions. 
The procedure is to substitute into the equations of motion the assumed solution and 
their derivatives, and then to solve for  the amplitude-response and phase -response operators. 
Introducing the complex notation 
so  that 
M~W ( t )  = Ole e i )  M~U .( t )  = a e  
and similarly the assumed solutions a r e  
x ( 1  = e e i )  y ( t )  = me (7eiwt), z ( t )  = a e  ( ~ e i u t ) ,  
= ~ ( t )( t )  = e ( i w t ) ,  ~ ( t )  R ~ ( T . ~ ~ ~ ) ~  = a e F e i u t )  
- - - 
Thus, the known real functions, FxW , F 
Y ' FZW, M4 ?!dew, and M$
W 
, and the unknown 
real  functions, x, y, z, 4 ,  8, and @, may be replaced by both real  and imaginary parts of 
the complexfunctions, Xwe iw t' Yw eiwt, Zw e iwt ,  zweiwt,gweiwt ,  and Fwdot. 
The reason for  substituting the complex functions is that their first and second time 
derivatives a re  just equal to the functions themselves multiplied by io and -w2 , 
- -
respectively. After making the substitutions and solving for the unknowns x,7, & 4,  8, 
and (and thus for +, dx, ay, dy ,  a,, d,, a$, d4, ag, 68, a+, d$ 1, the correct final 
solution can be found by taking the real parts of e iwt ,  yeiwt, z eiwt, eiwt,  eiwt9  
and eiwt. By substituting the assumed complex function solutions and their appropriate 
time derivatives, canceling the factor ei t, and transposing all  reaction terms to the 
left-hand side, the equations of motion are  reduced to 
- i w N  z + i i d C  N ??'- p g  4b ]B*[d{z  + p g
z9 9 9 
S 
-( d ( 4  + i w N
Y@ 
-y + i i d C@ N@ ? + i w N  ylD I B G I $ +  klDF 
The complex equations a re  conveniently represented in matrix form a s  
for  longitudinal motions and 
for  lateral motions, where the matrix elements a r e  given by 

In solving for  x, y, z, 6,  6 )  and @, i t  is convenient to multiply both s ides  by the appropriate 
inverse matrix. Thus, if (A) and (B) represent the longitudinal and la teral  component 
matr ices  respectively, then (A)-' and (B)-' represent their corresponding inverse matrices. 
Finally, the equations may be represented in the form 
and 
The inverse matrices a r e  obtained by application of the well-known formula from matrix 
theory, 
(a)-' = Det (A) 
where Det (A) is the determinant of the matrix (A), and Adj (A) ("adjunct of (A)") is the 
matrix whose elements a r e  the cofactors (i. e . ,  the signed minors) of the elements of (A), 
but placed in transposed position. 
In order  to ca r ry  out the matrix multiplication indicated, i t  is convenient to express 
- 7 -
the known (complex) quantities Xw) Z, @, Yw7 Gw, @, in the form (u - iv) instead 
of the form eiYrin which they were defined. This is done by applying 
the identity 
iYr 
which is easily proved from the trigonometric equivalent of E? and the definition of dr  . 
The results a re  thus obtained in the form (u - iv). They are  easily converted to 
imaginary exponential form, from which the desired amplitude-response operators a, 
and phase response operators 6, a re  obtained. These quantities are functions of both 
frequency and wave propagation direction for the various motions. From the response 
operators, the various motions are  given by the formula 
for  imposed exciting waves of unit amplitude and phase angle n/2.  For waves of amplitude 
a and phase angle dn, the motions will be given by 
0 
r ( t )  = a a cos 
o r 
It may be seen that a positive dr means that the peak amplitude of the motion lags behind 
the peak amplitude of the surface water elevation, and conversely, a negative dr means 
that the peak amplitude of the motion leads the peak amplitude of the surface elevation. 
Appendix B 
SUMMARY OF COMPUTATIONS 
EVALUATION OF  SECTIONAL AND GEOMETRIC PROPERTIES 
The method described in Appendix A contains a number of t e rms  whose coefficients 
must be evaluated for the large beam-draft ratios of the immediate problem. Table B-1 
presents a brief summary of the coefficients required for the determination of each te rm 
appearing in the matrix equations of Appendix A, under the main heading of Solutions of the 
Equations of Motion. Certain architectural characteristics of general interest a r e  required, 
and these also appear in Table B-1. Thus, with the exception of the wave-exciting and 
environmental properties (i. e . ,  wave direction, p; wave frequency, w wave length, A; water 
depth, d; and mass density of s e a  water, p )  and the mooring restoring forces fully discussed 
in Appendix A, Table B-1 summarizes all  the coefficients required to obtain solutions to the 
equations formulated in Appendix A and hence required to predict motion of the barge and 
mooring forces in the lines. 
Values of the architectural characteristics appear in Table B-2. With the exception of 
the roll  damping coefficient, N+ , and the added and total moments of inertia in roll ,  A44 and 
Ixt, these values were obtained from the design (as-built) plans, stability calculations, and 
field experiments prepared and/or conducted by the Long Beach Naval Shipyard. The total 
moment of inertia in roll, L t ,  was determined in the usual manner f rom the effective radius 
of gyration, ke. The actual radius of gyration, k, was calculated to  be 40.6 feet. The 
transverse metacentric height was known to be 180.0 feet, and the natural period in roll  was 
measured a s  6.1 seconds. Thus, applying the well-known formula applicabie to  normai ship 
forms,  
ke was found to be 73. 9 feet. Although Equation B-1 is not strictly applicable to  catamaran- 
shaped hulls, i ts use to determine added mass effects is believed to be justified. Once the 
effective radius of gyration is known, the total moment of inertia, Ixt, and the added moment 
of inertia in roll, A44, a r e  easily calculated. 

The rol l  damping coefficient, N+, appears a s  pa r t  of one of the coefficients in the 
uncoupled equation for damped harmonic oscillation, viz 
where 4 is the rol l  amplitude, o is the circular frequency of f r e e  undamped oscillations, 4 
and Cr is termed the dimensionless cmfficient of decay. The coefficient of decay, p , is the 
quantity which appears most frequently in the l i tera ture  on roll  edinct ion properties and thus 
is a convenient basis for  comparison. It is related t o  the rol l  damping coefficient, N+, by 
the expression 
where Ixt is the total  moment of inertia in roll. 
Table B-2. Architectural Characteristics 
of Fishhook Prototype Barge 
Weight, W 1,870,000 lb  

Mass,  m 58.015 x lo3 slugs 

Mean half draft, 2.50 ft  

Vertical distance from center o_f 17'. 28 ft  

buoyancy t o  center of gravity, BG 
Vertical  distance from center of 

gravity to  f r ee  surface,  OG 

Longitudinal metacentric height, GML 

Transverse  metacentric height, GMT 

Pitch moment of inertia, I 

Yo 
Yaw moment of inertia, I, 
0 
Roll moment of inertia, Ix 
0 
Total  ro l l  moment of inert ia (including 

added inertia due t o  fluid), Id 

Roll damping coefficient, N6 1.28 x 108 lb-ft-sec 

Added moment of inert ia in roll ,  A44 2.20 x 108 slugs-ft2 

Korvin-Kroukovsky (1961) gives a comprehensive discussion on methods of obtaining 
values of ,ifand solutions to  Equation B-2 fo r  normal ship  forms. Empirical data on damping 
in ro l l  is given by both Korvin-Kroukovsky and by Blagoveshchensky (1962). One simplified 
method of obtaining values of p from model and/or prototype tes ts  is the "logarithmic decre- 
ment'' method widely employed in general vibratory problems. The logarithmic decrement 
is measured by the slope of log + versus  the number of cycles of oscillation. 
Thus, 
where 6 is the logarithmic decrement, and and $2 a r e  the amplitudes of any two 

succeeding oscillations. Model t es t s  on the Fishhook barge indicated a value of 0.15 for  p.  

This compares with a mean value of 0.08 reported by Korvin-Kroukovsky for ships with 

bilge keels with a range of fluctuation of 40 percent from the mean value. 

Blagoveshchensky shows that the value of p is highly dependent upon the maximum amplitude 

of oscillation. 

If the circular frequency in rol l  for the undamped case is now assumed to be 1.96 
radians/second (i. e. , calculated from radius of gyration, k = 40.6 feet), Nd is found to be 
1.28 x l o 8  pounds-foot-second. 
The sectional geometric properties of cross-sectional area, S; moment a rm,  6 ;  beam 
width, B*; and center of buoyancy, 3
cb' were obtained from detailed ship plans and a r e  
shown in Table B-3. To aid in the preparation of the remaining sectional quantities for the 
range of frequency of interest, Table B-4, listing frequency factors, was prepared. Using 
Table B-4, one may proceed to tabulate the remaining sectional quantities. 
Added Mass 	in Heave, AQ3' 
Ir, the plane case, the h y d r n d y !  mass of a plate of width B* and normal dimension 
BE,  i n  an otherwise unlimited fluid, is 
In proximity to a f ree  surface, this quantity is known to  require modification. For  a unit 
normal dimension (i. e . ,  d l  = I ) ,  Grim (1959a) has computed the quantity C which is 
related to the hydrodynamic mass, AQQ', by the expression 
Table B-3. Geometric Characteristics at  1-Foot Intervals Along .$ Axis 
Moment Beam Total Draft Cross- xt ional  A1 Total Center ofIndex Arm:  t Barge  Catamaran Beam, B" Barge I Catamaran Barge  Catamara Area. S Buoyancy 
1 68.00 NA 0.00 0.00 0 .00  
2 68.00 0.69 46.92 0 .35  
3 I 1.24  84. 32 0. 62 
4 1.98 134.64 0. 99 
5 2.38 161.84 1. 19 
6 3.04 206. 72 1. 52 
7 3. 59 244.12 1. 80 
8 4. 14 281. 52 2.07 
9 4. 54 308.72 2. 27 
10 4.73 321. 64 2.36 
11  4.87 331.16 2.43 
12 4.93 335.24 2.47 
13 5.00 340.00 2. 50 
to I A 
50 
to 
62 
63 
64 2.48 
65 2. 45 
66 2. 43 
67 2 .41  
6 8 2.39 
69 2. 38 
70 2.37 
-
7
-
1 2. 36 
I IZ 9 15 
1 73 I I I 
74 

75 

76 

7 7 

78 

79 

80 

8 1  

82 t I 

83 5.00 340.00 2.33 
84 4.93 335.24 2. 30 
85 4. 74 322.42 2.22 
8 6 4. 54 308.72 2. 16 
87 4.22 286.96 2.00 
88 3.75 254.80 1.77 
89 2.98 202. 50 1. 39 
90 2. 52 171.63 1.33 
91 1.79 121.59 1.11 
92 1.39 94.66 0.95 
9 3 0.34 22.78 0. 89 
94 0.10 6. 67 0. 95 
9 5 0.00 0.00 0.95 
96 0.82 
97 68.00 0. 69 
9 8 67.81 0. 56 
9 9 67.32 0. 43 
100 66.31 0. 30 
101 64.68 0. 17 
102 62.07 7 0. 03 
103 58.00 22.00 0.00 0. 00 0. 00 
Table B-4. Frequency Factor, w 2~ ~ / 2 g2~ ~ * / 2 g ,or  w at  1-Foot Intervals Along 6 Axis 
\ 
Thus, C, which is frequency-dependent, includes an improved evaluation of the free  sur -  
face effect. Grim's computations were performed for cross-sectional profiles that could be 
represented by Lewis' transformation formula (i. e.  , z = t + a(  -1 His results a r e  + b ~ - ~ ) .  
presented in graphs of varying sectional a r ea  coefficients a s  functions of the beam-draft 
ratios and frequency factors.  An example is shown in Figure B- 1. 
In order  to use Grim's results for the large beam-draft ratios of the immediate 
problem, a suitable extrapolation was required. For  this purpose, Figure B-2 was prepared 
from Figure B- 1 with the aid of an auxiliary logarithmic plot. The solid lines of Figure B-2 
indicate that these values were obtained directly f rom Grim's results.  The dashed lines 
indicate an extrapolation. Note that the ordinates and abscissas of Figure R-2 a r e  given in 
t e rms  of CH/B* and U ~ H / ~ ,  respectively. 
Values of the hydrodynamic mass coefficient, C, appearing in Table B-5, were obtained 
from Figure B-2. Table B-6 indicates values of the hydrodynamic mass, A33'. Tables 
B-6a and B-6b present values of the te rms  ~ 3 3 ' 4 ~  ~ ~ t These tabula- ,and ~  respectively. ~ 
tions and their  integrals will be used later to compute the matrix elements indicated by 
Table B-1. 
Sectional Coefficient = 1 .O 
1.7 
1.6 
1.5 
1.4 
1.3 
1.2 
1.1 
1 .o 
0.9 

0,8 

0.7 
0.6 
0.0 	 0.2 0.4 0.6 0.8 1 .0 1.2 1.4 
2 
w B+ 
Frequency Parameter = -
29 
Figure B-1 . Hydrodynamic mass coefficient, C, for heaving motion. (From Grim, 1959a. ) 
__l__pdenotes extrapolation 
Frequency Parameter, 0 3  
9 

Figure B-2. Extrapolation of Grim's  hydrodynamic mas s  coefficient, 
C (6 r im,  1959a), for  large beam-draft  rat ios.  
Table B-5. Values of C a t  1-Foot Intervals Along 6 Axis 
Wave Lengtl~.A (ft)  
2 5 50 75 100 150 2 50 350 450 
1.02 0 .82 0.75 0 .82 0.88 1.09 1. 29 1. 50 
1.08 0.90 0.72 0.72 0.72 0.90 1. 26 1.62 
1.08 0.90 0.72 0.72 0.72 0.90 1. 26 1. 62 
1.10 0.92 0.73 0.73 0.73 0.92 1.28 1. 65 
1. 14 0.95 0. 76 0. 76 0. 76 0.95 1.33 1.70 
1.19 0.99 0.79 0.79 0.79 0.99 1. 38 1.78 
1.26 1.06 0. 85 0. 85 0.85 1. 06 1.49 1. 92 
1.20 0.96 0.96 0.96 0.96 1. 20 1.44 1.92 
1.20 1.20 1.20 1.20 1.20 1. 50 1. 56 1 .94 
1.20 1.20 1 .20 1 . 20  1 . 20  1. 50 1. 68 1.96 
1.20 1.20 1.20 1.20 1.20 1. 50 1. 80 2 .00 
1.33 1.33 1.33 1.33 1. 33 1. 66 1.92 2.00 
1. 50 1. 50 1. 50 1. 50 1. 50 1.88 2.00 2.00 
1.30 1.30 1. 30 1. 30 1.74 1.93 2.00 2.00 
0 .81  1.05 1.05 1. 23 1.61 1.97 2.00 2.00 
0.94 1.21 1.21 1.47 1.87 2. 00 2 00 1. 98 
0.95 1 .11 1.11 1.25 1.43 1. 75 1 .80 1. 86 
1.16 0 .98 0.79 0.79 0.79 0.98 1.37 1. 76 
0. 86 0.73 0. 59 0. 59 0. 59 0.73 1.00 1. 26 
0. 56 0.48 0.39 0,39 0.39 0.48 0.65 0. 86 I 


Table B-6a. Values of AQS14 at l-Foot Intervals Along 4 Axis 



Added Mass in Sway, 822 '  
The sectional added mass,  A22', for lateral motion is determined by modifying the 
values appropriate for ze ro  frequency by a frequency-dependent function. The total added 
mass fo r  la teral  motion a t  ze ro  frequency is equal to  one-half of the total added mass of the 
reflected body about the f r e e  surface. Kaplan and Putz (I962) give the following expression 
for the added mass  for ze ro  frequency: 
where C,' is a factor taken from the work of Prohaska (1947). The coefficient CZ1, 
originally derived for vertical motions at infinite frequency, was studied for analytic forms 
that resemble ship sections which were derived by conformal transformation of the known 
flow about an elliptic cylinder. Lewis (1929) studied the transformation, z = 6 + a4-I + 
bt-" Prohaska also studied the transformation more generally (i. e . ,  z = 6 + at'm + 
bt-") fo r  values of (m,n) = (1,5), (1,7), (3, 7) .  Prohaska's experimental work, which 
included the testing of 10 representative model ship sections vibrated vertically, supported 
the resul ts  of the analytic investigation. His results, slightly extrapolated for the present 
problem, a r e  shown in Figure B-3 in the form of a graph of contours of the coefficient CZ1 
for varying beam-draft ratios and sectional (area) coefficients (C, = S/B*H). Kaplan and 
Putz (1962) point out that the value of C,' found. for an effective beam-draft ratio appropriate 
for la teral  motion is "obtained by 'turning' the ship section by 90 degrees and interpreting the 
effective beam-draft ra t io  a s  ~H /B* ." 
The frequency correction factor, k4', given by Kaplan and Putz is 
It was derived by Kaplan and Ulc (1961) a s  an approximation based on energy considerations 
and has  been successfully applied to  the analysis of la teral  bending moments in waves. But-
ting a l l  the foregoing together, the sectional added mass for  lateral motion emerges as  
where CZT is taken f rom Prohaska's chart, but which for  la teral  motions has the abscissa 
B*/H interpreted a s  ~R /B* .  
Table B-7 presents values of the coefficient CZ' a t  1-foot intervals along the 4 axis a s  
obtained from Figure B-3. Table B-7 also includes values of the te rm CZt( and c ~ ' ( ~ .  


Added Mass in Sway Due to Motion in Roll, A42' 

The added mass  in sway due to  motion in rol l  is given by Mu (1961) a s  

Values of C42' were computed by Hu for  Lewis-form sections a s  functions of the parameters,  
beam-draft ra t ios ,  and section coefficients. Kaplan and Putz performed additional computa- 
tions t o  enlarge the range of parameters given by Pfu. The large beam-draft ratios of the 
present  problem required a further extension of Hu's work. These results a r e  shown in 
Figure B-4. Mu* states that the extrapolation employed is reasonable and the large negative 
values of CgZ1 confirm the fact that swaying does not induce rolling on craft with large beam -
draf t  ratios.  Table B-8 presents values of C42' and C42't for the various beam-draft 
ra t ios  a s  obtained from Figure B-4. 
Sectional Damping Factor, N,,' 
Vossers  (1960) states that there is a direct connection between the sectional damping 
coefficients and the amplitude of the waves emitted, since "damping is exclusively due to the 
fact that waves a r e  sent out which car ry  off energy. " For heaving motions, the following 
formula has keen adopted: 
xz is the rat io  of the amplitude of heave -generated two-dimensional waves to the amplitude 
of heaving motion of the section. Values of xz a r e  given by Grim (1959a), which were 
derived for Lewis from ship sections, as  functions of varying beam-draft ratios and a f r e -  
quency parameter.  An example for  a sectional coefficient of 1.0 is given in Figure B-5. In 
o rder  to  use Grim's results,  Figure B-6 was prepared from Figure B-5 with the aid of an 
auxiliary logarithmic plot. For  ease in tabulating values of A,, Figures B-7, B-8 and B-8a 
were prepared. Values of a r e  presented in Table B-9. 
Sectional Damping Factor, Nyyl 
As in the case for heaving motion, the sectional damping factor for swaying motion, 
Nyyv, is related to  xy by the following formula: 
*Personal communication with Dr. J. P. Breslin, 15 April, 1964. 
--	denotes extrapolation 
appropriate for upper set of curves 
0.06 0.10 1 .O 	 10.0 
A421 appropriate for lower set of curves Valuesof 0.5- ----( Ed) 
Figure B-4. 	 Extrapolation of added mass  coefficient in sway due to  
motion in roll, (Based on data from Kaplan and Putz, 
1962, and Ha, 1961.) 
Sectional coefficient = 1 .O 
Frequency Parameter, -O*B" 
29 
Figure B- 5. 	 Ratio of amplitude of two -dimensional heave -generated 
wave t o  amplitude of heaving motion. (From Grim, (1959a. ) 
In Equation B-12, is the ratio of the amplitude of the sway-generated wave to  the 
Y 

amplitude of swaying motion of the section. Vossers (1 960) gives the following formula for 
calculating li -
Y' 

where 4, is a coefficient whose values were calculated by Grim for  Lewis-form sections and 
is a function of the beam-draft ra t io  and seciioiiai (zrea) c~efficient.Vossers st-tes th.t 
these calculations a r e  reliable for values up to = 0.3 and that a few calculations 
have been made for special shapes for higher values, but that little is a s  yet known about 
them. Values of d presented by Vossers are  shown in Figure B-9 a s  the solid lines. TheY 

extrapolated values required for the present study were obtained with the use of an auxiliary 
logarithmic plot and a r e  shown a s  the dashed curves in Figure B-9. Sectional values of dy 
a t  1-foot intervals along the (axis  a r e  shown in Table B-10. Table B-10 also includes values 
of other t e rms  which will be used in the computation of the matrix elements. 

1.5 
--denotes extrapolation 
1.4 
1.3 
1.2 
1.1 
1 .o 
I Q ~0.9 
LC 
0.8 
13
-g 0.7 
0.6 
0.5 
0.4 
0.3 
0.2 
0.1 
0.0 
0.0 0.4 0.6 0.8 1.O 1.2 1.4 1.6 1.8 2.0 2.2 2.4 2.6 2.8 3.0 3.2 3.4 3.6 
' J 2 ~ *  
Frequency Parameter,- 
29 
Figure B-7. Extrapolation of Grim's amplitude ratio, (Grim, 1959a) 
for  large  beam-draft ratios.  

Figure B-8a. Extrapolation of Grim's amplitude ratio, x, (Grim, 1959a), 
fo r  large beam -draft ratios. 
--denotes extrapolation 
Sectional Coefficient, =I 
Figure B-9. Extrapolation of coefficient d f rom data by Vossers  (1960). 
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Table B-9, Values of x, at I-Foot Intervals Along 6 Axis 


0 2 4 6 8 10 12 14 16 18 20 
2 
o LFrequency Parameter, -
9 
Figure B- 10. 	 Three-dimensional damping factors in heave and pitch. 
(From Havelock, 1956. ) 
Three-Dimensional Damping Factors,  C,, Ce , Cy, and C+ 
Havelock (1956) has determined the ratio of three-dimensional to two-dimensional 
damping for  pure heave, C,, and pitch, Ce, for a submerged spheroid at zero forward speed. 
Although the results a r e  generally applicable only to representative surface-ship forms, their 
use in the present study is justified in the absence of more precise information. 
In accordance with the treatment in Appendix A (i. e . ,  due to the relative degree of wave 
interference for the two motions), these factors a r e  applied only to pure heave and pitch 
damping and not to any associated coupling terms.  Figure B-10 presents the damping 
coefficients for heave and pitch a s  determined by Havelock. 
The sway, C and yaw, C*, damping factors were determined by Hu and Kaplan (1962)Y' 
for the case of a submerged spheroid at zero forward speed. The same argument for their 
use in the present study applies a s  in the case for the heave and pitch motions. 
Sway and yaw damping factors are  shown in Figures B-11 and B-12, respectively. The 
information presented in Figures B-11 and B-12 has been replotted in Figure B-13 for ease 
in extracting necessary information. Values of the three -dimensional damping factors appro- 
priate for use in this study a s  obtained from Figures B-10 and B-13 a r e  presented in 
Table B-11. 
Figure B-11. Sway damping coefficient for the spheroid 
L/D = 8, L/f = 5. (From Hu and Kaplan, 
1962. ) 
Figure 3 - 1 2 .  	 Pzw damping coefficient for the spheroid 
L/D = 8, ~ / f= 5 .  (From WQ and Kaplan, 
1962. ) 
Wave Length, A (ft) 
Figure B- 13. 	 Three-dimensional damping factors in sway and yaw. 
(From personal communication with Marine Advisers,  
Inc. , La Jolla,  California, 1962. ) 
Table B-11. 	 Three-Dimensional Damping Factors  for  Heave, 
C,, Pitch,  Cg, Sway, Cy, and Yaw, C* 
COMPUTATION OF THE LONGITUDINAL AND LATERAL BODY COMPONENT MATRIX 
E LEMENTS 
Additional information required to compute the matrix elements includes tabulations of 
2 - 2  - 2  - 2 2B*, B*(, B*F and AZ , A, 4, and A, ( . The f i r s t  three a r e  shown in Table B-12 and the 
las t  th ree  in Tables B-13, B-13a, and B-1 3b respectively. With this information and the 
appropriate integrals together with the tabulations appearing in the f i r s t  section of this appen- 
dix, under the main heading of Evaluation of Sectional and Geometric Properties,  values of 
the matr ix  elements aii and bii may be determined. The results of the calculations a re  
shown in Tables B-14 and B-15, respectively. One se t  (matrix) of values (complex numbers) 
for each of the eight different wave lengths considered is given. The inverted matrix ele- 
-1 -1
rnents a.. and bii a r e  also shown in Tables B-14 and B-15, respectively.
11 

COMPUTATION OF THE WAVE-EXCITING FORCES 
The data tabulated thus fa r  is sufficient to  permit computation of the exciting forces due 
to the imposed surface gravity wave system. These forces a r e  highly dependent on the 
directionality of the waves with respect to  the orientation of the barge. Thus, the one- 
dimensional xatr7i.x e l e m e ~ t s  have different v a l ~ e s  for each condi t io~  of w v e  direct in^? and 
wave frequency. This is in contrast t o  the longitudinal and/or lateral component body matrix 
elements which have different values for each wave frequency only. Values of the wave- 
exciting forces  for the indicated wave direction a r e  shown in Tables B-16, B-17, and B-18. 
Calculations were performed at 15 -degree intervals clockwise for  exciting waves incident 
f rom a starboard beam-on direction ( r6 = 270 degrees) to  a port beam-on direction 
( = 90 degrees). 
COMPUTATION OF THE AMPLITUDE AND PHASE RESPONSE OPERATORS 
As indicated by Appendix A,  multiplication of the longitudinal and/or la teral  body 
matr ix  and the appropriate one-dimensional wave-exciting force matrix yields the complex 
response operator. The amplitude response operator and the phase response operator a r e  
given, respectively, by the modulus and argument of the complex response operator. The 
resul ts  fo r  the various incident wave directions a r e  presented in Tables B-19 and B-20. The 
phase angle, positive (lead) o r  negative (lag), i s  interpreted t o  mean that the peak amplitude 
of the motion leads or  lags the peak amplitude of the surface water elevation. It should be 
recalled that the vertical axis of the coordinate system describing the imposed waves occupies 
the mean position of the body's center of gravity. 

Table 8-13. Values of xZ2at 1-Foot Intervals Along ( Axis 




Table B-14. Lo11gitud:inal Body Component and Inverted Matrix Elements 
Table B-15. Lateral Body Component and Inverted Matrix Elements 
0 0 0 0 C O c O  C O O O O O O O  O O O O O O O C  O O C O O O G C
. 	 . . . 
e * h r r U I - F
. . . . . . . . . . . . . . . . 
C 0 C C ; C C O C  O C C O O C  0 0 I 
U<SCICUULP 
C C C C c C C C  C C C C C C  CC 
,, 
u I I 
C 
LC 	 I C U U U U U U U  + Q C U Y L P U U  
P C P C C C C C  P C C C C  C .CC 
Table B-17. Values of Wave-Exciting Forces for Indicated Wave Direction 
H F A V F  P I T C H  ( I IRGF H F A V E  P l T C H  
R F A L  I f 4 A t l N b R V  R F A L  I'4AC IN A R Y  ! # B G I N A R Y  R E A L  I M A G I N A R Y  R E A L  I * A D I N L R I  I 
I n P F G A  FWAY YAW R O L L  YAW 

P A F S / S F  D F A l  I M A G I N A R Y  R F  AL  Q F A L  lMAG l NAWV 

P F T 4 r  h . 0 7 1 7 R 6 R A P J I A Y F .  7 4 5 . 0 0 0 E G R E F S  R F T A =  n . 7 6 1 7 q Q l t A n l A N S .  1 5 . 9 0 n F G R F F S  
n V F t 4  5 I I R G F  H F A V F  
R B D S I S F C  Q F A L  I M A G I N A R Y  REAI .  1MAG1NARY R E A L  
(WAY YAW ROLI. CWhV YAW R O L L  
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-n. l1 O l F  3 h  - 0 . 7 R C 4 F  Q 5  
JJ.1175F 0 6  0 . 2 1 5 2 F  O h  

" . 7 1 0 7 F  nh  0 . 5 7 0 9 F  0 5  

n . 1 9 6 1 F  I h  0 . h R h l F  0 5  

P . h T I 9 F  " 5  0 . 4 7 5 7 F  95  

O . 1 1 7 1 F  0 5  O . I I R 1 F  3 5  

n . h R 9 0 F  '34 0 . 1 9 4 9 F  0 4  

0 . ~ 1 n 7 ~n 4  0 .  II Q ~ F  0 4  

Table B-18. Values of Wave-Exciting Forces for Indicated Wave Direction 
EGREFS RETA 
RFAL 
PITCH 
IYAGIYARY 
-0.5147E 
-0.9804E 
Cl.3574E 
0.5794E 
0.3119F 
0.7h75F 
0.3999F 
0.1RhqF 
-- 
06  
Oh 
0 7  
0 7  
0 7  
Clh 
0 6  
Oh 
-0.1057E 
O.145RF 
O.IZ1AF 
O.lh62F 
P.2181E 
0.?235F 
O.IV70E 
0.1294F 
Oh 
0 6  
0 7  
0 7  
0 7  
0 7  
0 7  
0 7  
RF4L 
RnLL 
IYIGIYARY 0 FAL 
SW'LV 
IHAG INARV 
-- 
-0.1164E 7 6  
3,9794F 7 h  
n . 5 9 ~ 4 ~5 
-Pe14R4F n 6  
-p.7410F "5  
-0.7797F 1 5  
- " . I ~ I ~ F  ~5 
- 0 . 1 4 ~ 1 ~  q 5  
0.7579F n 6  
n.7R63F F 6  
0 . 5 4 1 7 ~  P S  
-0.7114F n b  
-0.1755F Oh 
-Q.53h0r 0 5  
- n . 1 9 7 4 ~  c 5  
- n . h 9 1 0 ~  ~4 
t-' 
CD 
W 
RFT I *  0.7R519RUAnIANZI 45.000FCQFFS 
PPFCA 
QAnSlSFC RFAl 
Sll*GF 
IMAGIUARY 
HFAVF 
IMAG l NAPY RFAL INIGIYARY 
- n . l ~ 7 5 ~  0 4  
- O . ~ I Z F  n 4  
-0.5h91E 0 4  
-n.2079F 0 5  
-0.5h71F 0 5  
-0.1977F 0 6  
-0.1 1 9 1 r  o h  
-n.1144F Oh 
0 . 1 1 15~  n 5  
0 . 5 5 5 0 ~  0 5  
0.5419F 9 4  
0.hhSZF 0 5  
0.h59nS 0 5  
-0.3710F 9 5  
- 0 . q s 3 ~  0 5  
-0.1411E 0 6  
IMAGINARY QFAL 
YAW 
IMAGIYARV RFAL 
POLL 
RFAL 
YAW 
IMAC,INARY 
I 
-0.41Q4E 
0.9207F 
0.405hF 
-0.1991F 
-0.1190F 
Q.IR71E 
O.lh19F 
O.32R1F 
OR 
0 7  
0 7  
0 7  
0 7  
Oh 
Q h  
Oh 
0.746RF 
0 . l 9 4 0E  
0.4117F 
-0.116RE 
-0.7l335F 
-9.9200F 
-0.234hF 
-0.1201F 
0 9  
9fl 
0 7  
0 7  
06 
0 5  
0 5  
0 5  
Table B-19. Results for  the Various Incident Wave Directions 
PITCH B = 270' 
1 I COUPLEX RESPONSE IMLITUDE RESPOHSI 
HEAVE 8 , 270' 

I I COWLEX RESWNSE IAMPLITUDE RESPGNSE~PHASE.R E S W N S E ~  

Table B-20. Results for the Various Incident WaGe Directions 
SWAY 6 270' 
YAW 0 = 270' 
ROLL 6 = 270° 
N Q E :  For 0 360°, a l l  e n t r i e s  equal  zero .  
Appendix C 
COMPUTER PROGRAMS 
Appendix C contains listings and writeups of the major computer programs employed in 
this study. The following programs a r e  included: 
1. 	 Spectral and Cross-Spectral Program for  7094 
2. 	 Wave Excitation Force Program for  7094 
3. 	 Complex Matrix Inversion Program for  1620 
4. 	 Complex Matrix Multiplication Program for  1620 
5. 	 Mooring Force Catenary Program for 7094 
6. 	 Derivation of Linear and Angular Displacements from Acceleration 

Records Program for  1620 

M1 of the listings a r e  given in the original Fortran H source language. 
SPE CTRAL AND CROSS-SPECTRAL PROGRAM FOR 7094 
This program consists of a spectral package of 11 subroutines: _SPC, CQG, CSTAB, 
CSTR, LPRG, PTG, RNIG, SMOOTH, SPG, SPMAP, and WRITES. These subroutines 
_I_---
assume a maximum lag of 300 and a minimum of 30 for  cross-spectra which can be changed by 
repunching the needed dimension cards. Nine hundred common locations a r e  used to conserve 
working storage for  the subroutines. Those, too, can be omitted by recompiling. 
Calling sequence is SPC (DATUM, NSER, N, LABEL, IDV, SPM) with definitions: 
DATUM data matrix consisting of at least NSER columns and exactly N rows 
LABEL 12-word hollerith page heading 
-IDV hollerith vector of at  least  NSER elements. It identifies each data column 
-
SPM spectral matrix of NSER rows and M+1 columns where M is the maximum 
lag. This  lag i s  read in by the subroutine itself 
After ine input program has called the f i ~ s tsr:brmtixe SPC, fhe following data are read 
in by the subroutine: 
DELT, TEST, M, MAX-CS, (LR(I), LS(I), I = 1, MAXCS 

FORMAT (2E10.3, 215.8 (LX, 212)/14(IX, 212) 

DELT time between observations 
TEST zero if the computer finds i t s  own bounds for  the graphing routines. 
Otherwise, TEST is the upper bound. In that case, zero is assumed to be 
the lower bound 
MAXCS total number of cross-spectra needed. If only spectra a r e  wanted, 
MAXCS = 0 
For each I, from 1 to MA%CS, the computer will find the cross-spectra between the 
LF (I)'th and LS (I)'th data columns. Covariances, raw and smooth, a r e  printed. Both 
normalized covariances and spectra a re  graphed. Coherencies, phase angle, and the complex 
gain a r e  printed for each cross-spectrum. The spectra themselves a re  also repeated. 
Finally, the coherencies a re  graphed on a fixed scale of zero to one. 
The following i s  an example of the use of this program: 
Call SPC (X, 96, 127, LABEL, IDV, SPM) followed by the following cards: 
3 0 12 2 3 1364 4264 etc. 
The data, X, consists of 121 rows and 76 columns. The identification of the Jt__hcolumn 
is IDV ( j ) .  The time between observations i s  3 time units (seconds, hours, etc.). No fixed 
scale is used in graphing except for coherencies. -All 16 spectra of f 2 lags will be computed. 
Twenty-three cross-spectra will be found - 13& versus 64Q9 421& versus 643, etc. 
Listing of the subroutines along with a sample master input program is given in 
Tables C-1 through C-4. 
WAVE EXCITATION FORCE PROGRAPdI FOR 7094 
This program, which consists of one input program and one subroutine, computes the 
wave-exciting forces as outlined in Appendix 5. Input data punched on cards in the indicated 
format are a s  follows: 
-
m number of wave directions to be computed 
!B number of wave frequencies (or lengths) to be computed 
Eik! number of c ross  sections to be considered in the computations 
depth of water in feet 
barge draft in feet 
acceleration of gravity in f eet/second2 
density of sea water in slugs/foot3 
distance in feet from the f ree  surface to the center of gravity 
length of the barge in feet 
barge width in feet 
value of n-= 3.14 15926536 
added moment of inertia in roll in slugs-feet2 
coefficients of the terminal stern sectional elements 
coefficients of the terminal bow sectional elements 
incident wave directions in degrees to be considered 
wave lengths in feet to be considered 
wave frequencies in radians/second to be considered 
three-dimensional damping factors in sway 
Table C-1. Spectral and Cross-Spectral Program for 7094 
C 	 PROGRAM NCEL 
DIMENSION D ( 1 8 0 1 9 1 0 ) r  S P M ( l O 9 6 1  ) v  I D V ( 1 0 ) 9  LABEL ( 1 2 )  
READ INPUT TAPE 79 1 0 9  (LABEL  ( 1 1 9  I = l r  1 2 )  
1 0  FORMAT ( 1 2  A61  

1 2  FORMAT ( 3 x 1  1 0 F 4 . 0 ~  2 9 x 1  

READ INPUT TAPE 7 9  1 1 9  ( I D V ( 1 ) r  I = 1 9 1 0 )  

1 1  FORMAT ( l O ( l X v A 6 ) r  2 x 1  
READ INPUT TAPE 7,129 ( ( D ( l 9 J ) r  J = 1 r l O ) r  I = l o l R 0 1 )  
CONV = 5 .74/797.0 
DO 1 3  I = 1 9  1 8 0 1  
D ( I r  1 )  = C O N V + ( 8 0 0  - D ( I *  1 ) ) * 2 0 e 9 5  
D ( I 9  2 )  = CONV*(8OO - D ( I 9  2 ) ) + 1 4 * 0 5  
D ( I 9  3 )  = CONV* (800  - D ( I s  3 ) ) * 1 4 c 8 5  

D ( I 9  4 )  = CONV* (800  - D ( I 9  4 ) ) * 1 7 . 6 5  

D ( I 9  5 )  = CONV*(800 - D ( i r  5 ) ) + 1 0 . 8 0  

D ( I (  6 )  = CONV+(800  - D ( I r  6 ) ) +  9.20 

D ( I v  7 )  = CONV* (800  - D ( I *  7 ) ) +  11.40 

D ( I ,  8 )  = CONV+(BOO - D ( I ,  8 1 1 9  9.90 

D ( I 9  9 )  = CONV* (800  - D ( I v  9 ) ) * 9 . 8 0  

1 3  	D ( I q 1 0 )  = CONVQ(8OO - D ( I 9 1 0 ) ) * 9 e 6 0  

CALL SPC ( D v 1 0 , 1 8 0 1 r  LABEL, IDVI SPM) 

END 

* 	 SUBROUTINE SPC 
SUBROUTINE SPC(DATAM+NSERv NILABELI IDVpSPM) SPC30002 
DIMENSION A ( ~ ~ ~ ) ~ B ( ~ ~ ~ ) ~ C ( ~ ~ ~ ) ~ C S ( ~ ~ ~ ) I S N ~ ~ O O ~ ~ C O ( ~ O ~ ~ ~ Q U O D ~ ~ O ~ ~ ~ S P C ~ O O O ~  
X D A T A M ( ~ ) ~ S P M ( ~ ) ~ L A B E L ( ~ ~ ~ V I D V ~ ~ ~ ~ D L F ( ~ ~ ) L S ~ O A V ~ O I G ~ OSPC30005  
CCMMON A r B * C  SPC30003 
2 0 0  F O R M A T ( ~ E ~ O . ~ V ~ I ~ ~ ~ ( ~ X ~ Z I ~ ) /1 4 ( 1 X v 2 1 2  ) SPC30007  
READ INPUT TAPk ~ ~ ~ G O V I ) ~ L T , T E S T ~ " I ~ ~ ~ P X C S ~ ( L F( I )vL (  1 )  r I X S SPC30006  
CALL CSTAB(CSrSNrM)  SPC30008  
CALL RMG(~ATAMINSEK~NIAV)  SPC30009 
3 0  6 J = l r  NSER SPC30010  
4  WRITE OUTPLIT TAPE 69  1 0 5 ,  LABCL SPC30011  
1 0 5  FOKMAT( lH1925X9  1 2 A 6 )  SPC30012  
CALL SPG (DATAMIK~NsJ  rSPM?CS*DELT ~ A V ~ S I G ~ I D V S N S E R  1 SPC30013  
WRITE OUTPUT TAPE 69 1059  LABEL SPC30014  
WRITE OUTPUT TAPE 5 r  799 I D V ( J )  SPC30015  
7 9  FORMAT ( 1HO 2 5 x 1  l?+ iSPECTRAL GRAPH OF 3 x 9  A6 ) SPC30016  
CALL SPMAP (TEST 9 Mv C )  SPC30017  
8 0  FORMAT (1HO 25Xr32HGRAPH OF NORMALILLD COVARIANCES 5X A61 SPC30018  
WRITE OUTPUT TAPE 6 r  1 0 5 9  LABEL SPC30019  
WRITE OUTPUT TAPE 6 ,  8 0 %  I D V ( J )  SPC30020  
CALL SPMAP(O.0 r Y v A )  SPC30021  
6  CONTINUE SPC30022  
I F  (MAXCS) 8 ,1198 SPC30023  
8  DO 1 0  K= l rMAXCS SPC30024  
J F = L F  ( K  SPC30025  
J S =  L S ( K )  SPC30026  
7  WRITE OUTPUT TAPE 69  1 0 5 r L A B E L  SPC30027  
WRITE OUTPUT TAPE 69  9 l r I D V ( J F ) ,  A V ( J F ) , S I G ( J F ) q I D V ( J S ) s A V ( J S ) r  SPC30028  
1 S I G ( J S ) * N 9 M  SPC30029  
9 1  F O R M A T ( 1 H O ~ 4 0 X ~ 1 4 H I D E N T I F I C A T I O N ~1 1 X 9 7 H A V E R A G ~ v l O X 9  SPC30030  
1 1BHSTANDAKD DEVIAT10N//24XZlHORIVING FUNCTION.e..or A69 SPC30031  
2  l P Z E 2 3 e 3 / / 2 4 X 2 1 H O U T W T  F U N C T I O N . O ~ ~ ~ ~ ~ A ~ ~ ~ P ~ E Z ~ ~ ~ / /2 9 x 1  SPC30032 
3 30HNUMBER OF OBSERVATIONS-.a..ee r I 4 r l Z X r  9HNUMBkR OF SPC30033  
4  11H LAGSoa...*r I Z / / / !  SPC30034  
CALL CQG ( D A T A M ~ C S V S N I M ~ N . J F . J S ~ C O ~ Q U O D )  	 SF1C3O035 
CALL P T G ( S P M ~ Y , N I C C ~ Q U O O * J F ~ J S ~ N , ~ E R )  	 SPC30036  
WRITE 	 OYTPUT TAPE 69 1 0 5 ,  LABEL SPC30037  
WRITE OUTPUT TAPE 6 9  889  I D V ( J F )  s I D V ( J S )  SPC30038  
8 8  FORMAT ( I t19 2 5 x 9  16HCOHERENCY GRAPH ~ O X ~ A ~ V ~ X * ~ H A N D ~ X A ~ )SPC30039  
1 0  CALL SPMAP (1.01 M 9 A SPC30040  
11 CONTINUE SPC30041  
RETURN SPC30042  
END 
Conth u e d  
Table C-1. Spectral and Cross-Spectral  P rogram fo r  7094 (Contd) 
SUBROUTINE SPG 
SUBROUTINE SPGIOATAH.MIN. J .  SPMs C S ~ O E L T I A V ~ S I G I ~ O V ~ N S E R ~  SPG30003 
X S P E C F I I v J I  NSER * I J - 1 1  + I S P G 3 0 0 0 4  
DIMENSION A 1 3 0 1 1 r  8 1 3 0 1 1 r  C ( 3 0 1 1  SPG30005 
DIMENSION O A T A M l l l ~ S P M l l I ~ C S I 1 l ~ S N ( 1 l ~ A V l l I ~ S f G ( 1 1 ~ I O V ( 1 I  S P G 3 0 0 0 6  
COMMON A9B.C S P G 3 0 0 0 7  
M 1  = 1+M SPG30008 
CALL LPRGIOATAYI MI N v  J e  JI A 1  S P G 3 0 0 0 9  
S I G I J I  = S O R T F I A I  1 1 1  S P G 3 0 0 1 0  
CALL CSTR (A,  CS. Me 8 1  S P G ~ 3 0 0 1 1  
C A L L  SMOOTH I 8 s  MI C I SPG30012 
2 0 0  FORMAT 11HOv 8Xs7HMEAN = 1P E12.4 .26X,Abr2bXv 21HSTANOARO O E V I A T 1 0 S P G 3 0 0 1 3  
I N  1 P  E l 2 0 4 1  SPG,30014I 
WRITE OUTPUT TAPE b r 2 O O .  A V I J I ,  I O V I J I v S I G ( J 1  SPG830015 
WRITE OUTPUT TAPE 6 s  1 0 0  SPG30016 
1 0 0  FORMATI lZHO LAG NO.9XsllHCYCLE.S/TIME I Z X I ~ H R A O I T I M ~  10X e l O H S P G 3 0 0 1 7  
1COVARlANCE 8 x 1  12HRAd SPECTRUM 5 x 1  15HbHOOTH SPECTRUhl / / l  SPG30018 
FM 	IM tiPC130019 
A 1  = A 1 1 1  
.DO 1 0  J M l  = l r M l  S P G 3 0 0 2 0  
JM = J M 1 - 1  SPG3002 1  
F J M  = JM 
CPS = F J M  / 12.9 OELT * F M l  
RAOPS = 6 .283186 * CPS 
A l J M I I  = A I J M l )  / A 1  
WRITE OUTPUT TAPE 6 e 1 0 1 ,  JMI C P S . R A O P S t A ( J M l 1 .  6 I J M l l s  C ( J M 1 1  
1 0 1  FORMAT I 1 H  1 1 0 1 2 F 2 0 . 4  s 1P 3 t 2 0 . 4  I 

J J M l  = XSPECFIJ .JM11 

1 0  SPMI J J M 1 1  = C I J M I  I 

RETURN 

EN0 

* 	 SUBROOTINE WRITES 
SUBROUTINE WRITES 1 8 1 e 8 2 . 8 3 r 8 4 . B 5 e 8 6 r  FX.NeXMAXtXMIN)  WRITES04 
DIMENSION X l l l ~ F X l 1 l r B l 6 1 r O V l 1 7 l  WW 1 TES05 
1 0 0  FORMAT 1 8 X v 1 3 s  2 X , l H - v l X , 1 7 A b . l H - I  W R I T t S O b  
B l 1 1 = 8 1  h ' R l T F 5 0 7  
8 ( 2 1 = 8 2  WRITES08 
B 1 3 1 = 8 3  WW IT E 5 0 9  
8 1 4 1 = 8 4  kW I T E S l O  
B ( 5 ) - 0 5  WHI T E S l l  
B 1 6 1 = 0 6  WHITES12 
FACTOR~lOO.O/IXMAX-XMlNI WHITES13 
DO 2 K n l r l 7  WR I T E S 1 4  
B 2 O V I K l = 6 0 6 0 6 0 6 0 6 0 6 0  WRITES15 
0 0  1 l ~ 1 . N  WR l T E S 1 6  
JSCALE=(FXlIl-XMINl*FACTOR+.5 WRITES17 
MxXMODFl JSCALE.61 t 1  WRITES18 
L .JSCALE/bt l  )rH L I E S 1 9  
I M - 1 - 1  WR ITESL0 
O v ~ L l = B l P I l  WRI ITES2 1  
WRITE OUTPUT TAPE 6 * 1 0 0 * 1 M  1 l O V l K 1 ~ K ~ l ~ l 7 1  WR'I TES22 
B 	 1 O V I L I - 6 0 6 0 6 0 6 0 6 0 6 0  Wli! IT E S 2 1  
RETURN WFII TES24 
END WCt lT tSL5 
* 	 SUBROUTINE P I G  
SUBROUTINE P T G ~ S P M ~ M ~ N ~ C O ~ O U O O I J F ~ J S ~ N S E R I  P I G 3 0 0 0 3  
X S P E C F l l r J I  = NSER * I J - 1 1  + I P T G 3 0 0 0 4  
DIMENSION COHER(3011~813011rC13011 
D I M E N S I O N  S P H l b 0 2 1 ~ C O l l l ~ O U O O ( 1 l  P T G 3 0 0 0 5  
COMMON COHERsBrC P T G 3 0 0 0 6  
1 0 0  FORMAT 17X.13.1P5E14.3r 3 H  + E9.3v3H I OPFlO.4vOP F 9 . 1 . 1 P E 1 4 0 3 1  P T G 3 0 0 0 7  
9 0 0  	FORMAT 1 7 X ~ 1 3 r l P 5 E 1 4 . 3 r  2 H  E 1 0 . 3 r 3 H  1 OPF10.4vOP F 9 . 1 ~ 1 P E 1 4 e 3 1  P T G 3 0 0 0 8  
M l =  M i 1  P T G 3 0 0 0 9  
P I  = 3 . 1 4 1 5 9 2 6 3 6  P T G 3 0 C l O  
WRITE OUTPUT TAPE 6 , 6 6 6  P T G 3 0 0 1 1  
6 6 6  F O R M A T ( l H 0  6X.3HLAG 1 2 x 1  7HSPECTRA 2 0 x 9  5HCROSS 2 X t  7HSPECTRA 1 2 X ~ P T G 3 0 0 1 2  
1 13HCOMPLEX ~ X S ~ H C O H E R E N C ~ ~ X ~ H P H A S E ~ X ~ H R E S P O N S E / ~ X ~ H N O ~ XG A I N  	 P I G 3 0 0 1 3  
2  SHINPUT 7Xe 6HOUTPUT 1 0 X  2HCO 12Xv4HOUAO 55Xs8HOPERATOR/ lHOl  P T G 3 0 0 1 4  
DO 6 K .  1 9 M 1  P T G 3 0 0 1 5  
K 1 =  K - l  P T G 3 0 0 1 6  
J F K  = X S P E C F I J F v K I  	 P T G 3 0 0 1 7  
JSK = X S P E C F I J S I K I  P T G 3 0 0 1 8  
A = S P M I J F K I  P T G 3 0 0 1 9  
G = SPMI  J S K I  
C O H E R I K I  = i C O ( K l + * 2  + O U O O l K l + *  2 I / I A * G I  P T G 3 0 0 2 0  
RESP = G/A 
S E SIGNF- ( P I .  O U O O I K I I  P T G 3 0 0 2 1  
I F  I C O I K I I  3. 2 s  4 P I G 3 0 0 2 2  
.? AT = .5 * 5 P T G 3 0 0 2 3  
GO TO 9 P T G 3 0 0 2 4  
3 5 = 0.0 P I G 3 0 0 2 5  
4 AT = ATAN F I Q U O O I K I  / C O I K I  1 P T G 3 0 0 2 b  
9  PHASE=AT+PI-S X + 7 0 0  7 
5 PHASE = PHASE * 5 7 . 2 9 5 7 7 9 5  P T G 3 0 0 2 B  
GAlNR = C O I K I  / A P T G 3 0 0 2 9  
G A I N 1  = OUOOIKI  /A  P T G 3 0 0 3 0  
I F  I G A I N 1 1 2 1 . 3 1 r 3 1  P I G 3 0 0 3 1  
2 1  W R I T E  OUTPUT TAPE b r 9 0 0 . K l . A  r G  P T G 3 0 0 3 2  
l G A l N R 9  G A I N l r  C O ' H E R I K I ~  PHASE* RESP P I G 3 0 0 3 3  
GO 1 0  6 P T G 3 0 0 3 4  
3 1  WRITE OUTPUT TAPE 6 v 1 0 0 * K l . A  r G  P T G 3 0 0 3 5  
I G A I N R .  G A l N l s  C O H E R I K l s  PHASE* RESP P T G 3 0 0 3 6  
6 CONTINUE P T G 3 0 0 3 7  
RETURN P T G 3 0 0 3 8  
FNO 
Continued 
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Table C-1. Spectrd and Cross-Spectral Program for 7094 (Contd) 
9 	 S U B R O U T I N E  COG 
S U B R O U T I N E C Q G ( D A T A M ~ C S ~ S N P M P N O J F V J S O C O ~ Q U O D ~  COG 0 2  
D I M E N S I O N  DATAM(l)sCO(l)rQUOD(l)rCS(l)~SN(l) CQG 0 3  
D I M E N S I O N  A ( 3 0 1 ) r B ( 3 0 1 ) r C ( 3 0 1 )  
COMMON AI B  o C 
M l = M + l  
C A L L  L P R G ( D A T A M ~ M ~ N I J F ~ J S I C O  
C A L L  L P R G ( D A T A M ~ M ~ N I J S O J F ~ Q U O D )  
DO 1 J = 1 9  M 1  
C O ( J )  = e 5  3 ( C O ( J )  + QUOD ( J ) l  
1 	 Q U O D ( J )  = C O ( J )  - Q U O D  ( J )  
C A L L  C S T R  ( C O  9 C S  9 M *  A 1 
C A L L  C S T R  ( Q U O D v  S N p  M 9  B ) 
C A L L  SMOOTH 
C A L L  SMOOTH 
Q U O D ( l ) = O e O  
Q U O D ( M l ) = O . O  
R E T U R N  
END 
( A *  M9  CO 
( 8 9  MI Q U O 0  ) 
3 	 S U B R O U T I N E  RMG 
S U B R O U T I N E  R M G ( D A T A M 9  N S E R r N v A V )  
D I M E N S I O N  A ( 3 0 1 ) r 8 ( 3 0 1 ) r C ( 3 ~ 1 )  
CQG 
CQG 
CQG 
CQG 
CQG 
CQG 
COG 
CQG 
CQG 
CQG 
COG 
CQG 
CQG 
RMG 
RMG 
RMG 
RMG 
RMG 
RMG 
RMG 
RMG 
RMG 
RMG 
RMG 
RMG 
D M 5  
RMG 
RMG 
L P R G  
L P R G  
L P R G  
L P R G  
L P R G  
L P R G  
L P R G  
L P R G  
L P R G  
L P R G  
L P R G  
L P R G  
L P R G  
L P R G  
L P R G  
L P R G  
0 5  
0 6  
0 7  
0 8  
0 9  
1 0  
11 
1 2  
1 3  
1 4  
1 5  
16 
1 7  
0 2  
0 3  
0 4  
0 5  
0 6  
07 
0 8  
0 9  
1 0  
11 
1 2  
1 3  
14 

1 5  
1 6  
0 2  
0 3  
0 4  
0 5  
0 6  
0 7  
0 8  
0 9  
1 0  
11 
1 2  
1 3  
1 4  
1 5  
1 6  
1 7  
COMMON A v B  9C 
X F I N D F ( 1 . J )  
D I M E N S I O N  
F N = N  
DO 1 J = 1 9  
A V ( J ) =  0.0 
00 2 K = 1 9  
K J  = X F I N D F  
= N 3 ( J - 1 )  + I 
D A T A M ( l 1 9  
NSER 
N 
( K I J )  
2 A V ( J )  = A V ( J )  + D A T A M  
A V ( J )  = A V ( J )  / F N  
DO 3 "h 1 v N  
3 
K J  = X F I N D F I K e J )  
D n f A M i k j )  = D A i A F i K j j  
1 C O N T I N U E  
R F T U R N  
END 
9 S U B R O U T I N E  L P R G  
A V ( 1 )  
( K J )  
- A v i d ;  
S U B R O U T I N E  L P R G ( D A T A 9  MI N *  JI K r  O )  
X F I N D F ( I 9 J )  = N + ( J - 1 )  + I 
D I M E N S I O N  D A T A ( 1 )  9 
M l = M + l  
DO 1 0  J M 1  = 1 9  
J M  = J M 1  - 1 
Q ( J M 1 )  = 0.0 
N J M  = N - JM 
F N J M  = N J M  
D O  1 I = l r N J M  
I J M  = I + J M  
I J  = X F I N D F t i r J f  
Q ( 1 )  
M 1  
I J M K  = X F I N D F ( I J M * K )  
1 Q ( J M 1 )  = D A T A ( I J )  * D A T A ( 1 J M K ) .  + Q f J M 1 )  
1 0  Q ( J M 1 )  = Q ( J M 1 )  / F N J M  
R E T U R N  

E N D  


Table C-3. Sample Output From Wave Excitation Force Program for 7094 
Table C-4. Comptex Matrix Inversion Program for 1620 
DIMENSION AR(3~3)9AI(3s3)9BR1393)9BI(3e3) 

DIMENSION WR(4)rWI(4) 

1 D O  2 I=lr3 

2 R E A D  ~ ~ ~ A R ~ I ~ ~ ) P A I ( ~ ~ ~ ) ~ A R ( I ~ ~ ~ ~ A I ~ I I ~ ~ ' D A R ~ I ~ ~ ~ S A I ~ I V ~ ~  

Z=-1. 

N o 0  

5 1  N=N+l 

D O  6 J = 1 9 3  

M=O 

K = O  

6 0  K=K+l 

IF (K-N) 3 0 6 1 0 3  

3 D O  5 L = l v 3  

IF (L-J1 41514  

4 M=M+l 

WRIMi=ARIKvLi 

W I ( M ) = A I ( K v L )  

5 CONTINUE 

6 1  IF (K-31 60.62162 

6 2  CONTINUE 

UR=WR(l)*WR(4)-WI(l)*WII4) 

UI=WI(l)*WR(4)+WR(l)QWI(4) 

VR=WR(2)*WR(3)-WI(Z)*WI(3) 

VI=WI(2)+WRI3)+WR(Z)*WI(3) 

Z=(-l.)*Z 

BR(JIN)=Z*(UR-VR~ 

BI(JIN)=Z+(UI-VI) 

6 C O N T I N U E  

IF (N-3) 5 1 ~ 5 2 ~ 5 2  

5 2  CONTINUE 

DETR=Oe 

DETI=O. 

D O  7 Jz1.3 

D E T R = D E T R + A R ( ~ ~ J ) * B R ( J ~ ~ ) - A I ( ~ B J ) * B I ( J P ~ )  

7 	 D E T I = D E T I + A I ( ~ ~ J ) + B R ( J v ~ ) + A R ( ~ ~ J ) * B I ( J ~ ~ )  

D O  8 1 ~ 1 9 3  

D O  8 J=lr3 

P=BR( IvJI 

O = B I ( I r J )  

BR( I vJ )=(P*DETR+Q*DETI ) / (DETR+DETR+DETR+DETI*DETI )  
8 BI(IrJ1=(Q*3ETR-P+DETI)/(DETR+DETR+DETI*DETI) 

D O  9 1 ~ 1 9 3  

P U N C H  1 0 ~ B R ( I ~ l ) r B I ( I ~ 1 ) ~ B R ( I ~ 2 ~ ~ B I ( I ~ 2 l v B R ( I v 3 l v B I ~ I v 3 ~  

9 P R I N T  ~ ~ I B R ( I P ~ ) ~ B I ( ~ . ~ ~ . B R ( I ~ ~ ) ~ B I ( I I ~ ) & R ( I V ~ ) D B ~ ( I ~ ~ )  

G O  T O  1 

1 0  FORMAT ~ E 1 1 ~ 4 9 l X ~ E 1 1 ~ 4 9 1 X ~ E 1 1 ~ 4 q 1 X ~ E 1 1 ~ 4 ~ 1 X 9 E 1 1 e 4 1 1 X 9 E 1 1 ~ 4 l  

E N D  

three-dimensional damping factors  in heave 
index numbers of the cross-sectional elements 
local barge beam widths of the cross-sectional elements 
moment a rm s  of the cross-sectional elements referenced to the center of 
gravity of the barge 
local centers  of buoyancy of the cross-sectiondl elements measured from 
the f ree  surface 
M2(K) sectional added moments of inertia in roll due to motion in sway 
A33
-
local added masses  in heave due to motion in heave 
ZZN
-
local vertical damping forces  per unit vertical velocity of the 
cross-sectional elements 
local added masses  in sway due to motion in sway 
local la teral  damping forces  per  unit la teral  velocity of the 
cross- sectional elements 
The wave excitation force program for  1094 is presented in Table C-2. 
M t e r  the data is read in, the program branches to a subroutine where all the required 
operations including printing and punching of the output a r e  completed. For  each wave 
direction, 8, and each wave frequency, o, the program computes the real  Ar and imaginary 
pasts, B,, of the wave-exciting forces  described in Appendix B. The longitudinal and lateral 
elements a r e  tabulated and punched separately. A sample output is given in Table C-3. 
COMPLEX MATRIX WERSION PROG FOR 1620 
This program inverts a 3 by 3 matrix with complex entries. Data is entered on punched 
cards,  the it&card containing six values representing Ail Ai1?', AizP, Ai21?9 Ai3 ', Ai3 9 1 9  
respectively, where the single pr ime designates the real  par t  and the double prime the 
imaginary par t  of the matrix element Aii. The values must be punched in the form prescribed 
in  the statement "fO format." 
After the required operations have been performed, the elements of the inverted matrix 
a r e  printed and punched in  the same order  and form a s  the input data. 
More than one matrix can be inverted with one loading of the program. After punching 
and printing the results f o r  one matrix, the program branches back to the beginning and 
attempts to read three more data cards. Listing is given in Table C-4. 
COMPLEX MATRM MULTIPLICATION PROGRAM FOR 1620 
This program multiplies a 3 by 3 matrix by a 1by 3 matrix with complex entries. After 
each operation, the resulting matrix is printed on-line and punched on cards. More than one 
pa i r  of matr ices  can be multiplied with one loading of the program. After punching and 
printing the resul ts  for  one matrix, the program branches back to the beginning and attempts 
to read four more cards. Listing is given in Table C-5. 
Table C-5. Complex Matrix Multiplication Program for  1620 
DIMENSION A H ( 3 9 3 ) r A I ( 3 r 3 ) r X R ( 3 ) r X I ( 3 ) p Y R ( 3 ) 9 Y 1 ( 3 )  
1  DO 2  Jz1.3 
2  READpXR(J)rXIIJ) 
DO 4 1 ~ 1 9 3  
DO 3  J=193 
READ9AR(lrJ)rAI(I9J) 
YR(J)=XR(J)*AR(IrJ)-XItJ)QAI(IvJ) 
3 	 Y I ( J ) = X R l J ) * A I ( I 9 J ) + X I ( J ) + A R I I 9 J )  
ZR=YR(l)+YR(Z)+YR(3) 
ZI=.YIll)+YI(2)+YI(3) 
ZR1= ZR*ZR 
211 = ZI*ZI 
RO = SQR (ZR1 +ZIl) 
PHASE = ATN (ZRl/ZIl) 
4 PUNCHIZRIZII RO9 PHASE 

GO TO 1 

END 

MOORING FORCE CATENARY PROGRAPva FOR 7'094 
This  program computes the horizontal, vertical, and total tension versus the horizontal 
distance, X, in a mooring chain with an attached sinker, given the following input data: 
-S1 	 chain length from the lower mooring point to  the sinker 
-S2 chain length from the sinker to the upper mooring point 

W submerged weight of the sinker 

-u 	 submerged unit (per length) weight of the chain 
-Y 	 vertical distance from the lower mooring point to the upper mooring point 
-TO horizontal component of force in the mooring chain. It may initially be set  
equal to zero when the upper mooring point is directly above the lower 
mooring point 
TOP 	 increment in the horizontal component of force in the mooring chain 
corresponding to increments in the horizontal distance, X, by which the upper 
mooring point is moved 
TEST 	 absolute e r r o r  in feet allowed in the iteration scheme 
The values must be punched on cards  prescribed by the statement "100 format. " After 
the required operations, output data is tabulated in four columns a s  follows: 
-X 	 horizontal distance from the lower to the upper mooring point 
-TO 	 horizontal component of force in the mooring chain 
-TV 	 vertical component of force in the mooring chain 
-T 	 total tension in the mooring chain 
A listing is given in Table C-6. 
Table C-6. Mooring Forlce Catenary Program for 7094 
DIMENSlON H ( 2 )  	 4  1=2  . 
CALL FTRAP 	 I F  (ABSF lFRACb-e00001 l  1 2 ~ 1 2 9 1 0  
1 READ 1 0 0 ~ S l r S 2 v W ~ U p Y s D E L T A ~ T O e T O P o T E S T  1 0  I F  (FRAC) 791299  
READ 1 5 0 1  THETA 7 s u = s  
WRITE OUTPUT TAPE ~ o ~ ~ ~ ~ S ~ O S ~ ~ W ~ U V Y ~ D E L T A ~ T O O T O P B T E S TGO TO 8 
1 5 0  FORMAT I F l Z c 8 l  
1 0 0  FORMAT ( 9 F 8 e l )  

K=O 

TB=TO 

SP=O 

VP=O 
t.1 

S=O 

\Is o  

DS= 1 

DV= l 

I i = l o / U  

ltMAX=(lSl+S2)*~2I-(Y**2) 

I(MAX=SQRT ( XMAX I 

ADJTE=XMAX-TEST 

GO TO 5 0  

8 1  'IO=TOP 

I < = l  

XB=X 

hl 5 0  I F  ( S 1 - Y l  4 0 r 4 0 v 3 1  
g, 3 1  I I = 2  
SnSQRT(Y*(2e*TO/U+Yl l  

I F  IS -S1)  32,33933 

32  	X E T O / U * E L O G ( U * Y / T O * ~ S Q R T ( ~ ~ + ~ O * T O / U / Y I + ~ ~ I + ~ ~ ~  
X=X+Sl-S+S2 
TV=U*S 
T=SQRT(TO**2+TV**21 
GO TO 2 0 1  
33  	I I = 3  

I=3 

s = o  

B=TO**2 

C=U*Sl  

D=O 

E=O 

GO TO 1 5  

4 0  I I = l  

B=T0**2 

11 C=U*S+W+U*Sl 

D=U*S+W 

E=U*S 

1 5  Yl=A+lSQKT(B+UV+Cl++2~-SQRT~B+(V+Dl~*Z1) 
Y 2 = A * l S Q R T t B + ( V + E l * * 2 ) - S Q R T ( B + V * * 2 ) ~  
FRAC=[Y- (Y l+YZ) ) /Y  
GO TO ( 3 0 4 o b r . 1 6 ) ~ I  

3 I F  IFRAC) 401;2v5 

5 SLXS 

DSs2 e*DS 

SxS+DS 

GO TO 11 

9 SL=S 

8 S=(SL+SU) /Zo  

GO TO 1 1  

6 I F  (FRAC) 1 6 9 1 7 9 2 1  

2 1  	VL=V 

DV=2 e*DV 

V=W+DV 

GO TO 1 5  

16  	l = 4  
J F  (RBSF(FRAC)- .a00001)  17917918  
98 I F  (FRACI 2 0 0 1 7 9 1 9  
2 0  v u = v  
GO TO 22 

1 9  VL=V 

22 V=(VL+VUI /2o  

GO TO 1 5  

12 I F  1 5 2 - S l  1 4 0 1 4 9 1 3  

14  S=S2 

I= 3  

GO TO 11 

13  DS=S-SP 

SP=S 

'I = 1  

GO TO 23 

17  DV=V-VP 

VP=V 

1 =3 

2 3  Q=S l * *2 -Y l * *Z  
I F  (TO)  2 6 ~26 9 2 5  

2 5  DO 2 J = 1 9 2  

6 1  Q = ( U / T O ) ~ * ~ * Q  

6 2  X l "SQRT(Q44e I  

6 3  XZ=SQRT(QI 

X=Xl*XZ 

6 4  X = ( X + Q ) / 2 a + l a  

6 5  X=TO/U*ELOG(XI 

6 6  Q=S+*2-Y2**2 

2 H i J l = x  

6 7  X = H ( l ) + H ( 2 I + S 2 - S  

6 0  GO TO 2 7  

2 6  X=S2-S 

27 TV=V+C 

T=SQRT(TO**Z+TV*+2) 
2 4  I F  (W-V) 2 0 3 0 2 0 1 r 2 0 1  
203  I F  ( 5 )  2 0 1 e 2 0 4 r 2 0 1  
PO4 V=O 
I= 1  
GO TO 4 0  
2 0 1  CONTINUE 
HLO = TO*COS(THETAI 
HLA = TO*SIN(THETAl  
WRITE OUTPUT TAPE 69 101s  Xo 
1 0 1  FORMAT (6F12.2 I 
I F  ( K I  8 l r 8 1 v 7 0  

7 0  I F  (X-ADJTEI 7 1 9 9 9 0 9 9  

7 1  XO=X+DELTA 

XArXB 

TA=TB 

TB=TO 

82  	XB=X 
TO* TVe T O  Hl.09 HLA 
TO=( (XO-XAl/(XB-XAll*(TB-TAl+TA 
GO TO ( 4 0 v 3 1 9 3 3 ) r l I  
9 9  GO TO 1 
END 
DERIVATION OF LINEAR AWD ANGULAR DISPLACEMENTS FROM 
ACCELERATION RECORDS PROGRAM FOR 1620 
This  program computes the spectra of any pair of l inear and angular displacements from 
the appropriate pa i r  of acceleration spectra and cross-spectra. Fo r  example, the spectra  of 
heave and pitch may be determined from the spectra, cospectra, and quadrature spectra  of 
the vertical acceleration measurements recorded from pickups located on the centerline at  
the bow and stern. For  completeness, the mathematic derivation of the heave and pitch 
spectra  from the routine spectra and cross-spectra obtained from the record of vertical 
accelerations a s  measures  at the bow and s tern is given below. 
In  this  example, Mb and Ms denote the vertical displacements of the bow and stern, 
respectively. Then 
Mb = Z (t)  + %B(t) 
where z ( t )  is the vertical displacement of the barge due to heave alone, and xb0(t) and XsB(t) 
are ,  respectively, the vertical displacement of the bow and stern due to pitch, B(t), alone. 
2$, and Xs a r e  known distances from the pitch point (assumed to be a t  the CG) to the bow 
accelerometer and stern accelerometer, respectively. The accelerations, fjIb and Ss,a r e  
Simultaneous solution of Equations C-1 and C-2 yields 
XsMb XbMs+ 
z (t) = 
itb + Xs 
where i'(t) and 3 ( t )  a r e  acceleration in heave and pitch, respectively. 
The covariance function, F ('21, of heave acceleration is 
where T is the lag used for auto-correlated analysis. T = p d t  where At is the time interval 
between ordinates read from the original record, and p is an integer varying from 0 to m 
(maximum number of lags). 
It can be shown that 
and fur ther  that 
x [ v s G b ( t ) G s ( t  - T )  + %xs%,(t)GS(t T ) ]  = 2 % \ ~ ~ ~ k ~ ( w )  (c-'7) 
where C denotes the cospectra and w is the frequency. Substituting Equations C-6 and C-7 in 
Equation 6 -5  and performing standard transformations a s  given in Blackman and Tukey 
(1958, pp 11,12), the spectrum SZ(t) (w) of heave acceleration is found to be 
X 2% (w) + xb2SNI ( w )  + 2J$X C o oM~ (w)( t ) = [ s Mb S " Ms 
The spectrum of pitch acceleration, S (t) (w), obtained in a similar fashion, is 
s - a  (w) + S e e  (W) -
Mb Ms 
S8(t) = (33
+ x S Y  
Based on simple harmonic motion, an assumption which seems reasonable, the 
2
acceleration spectra  a r e  divided by (w2) to obtain the displacement spectra of heave, SZ, and 
rotation of spectra of pitch, So ; specifically 
The same method was used to obtain the spectra of sway and yaw from spectra and 
cross-spectra  of t ransverse accelerations a s  measured a t  the bow and stern. 
Dr. W. J. Pierson, Jr., of New York University, assisted in obtaining the above 
information. It is based on a method given by Cartwright (1957). However, in a more recent 
publication, Cartwright (1963) states that the final step in obtaining the displacement spectra 
from the acceleration spectra  is probably defective in vigor. He suggests that the 
acceleration spectra should f i r s t  be highly resolved by passing them through .very narrow- 
banded f i l ters .  The resulting acceleration spectra can then be divided by w' to obtain the 
displacement spectra; 
Input data punched on cards  is a s  follows: 
-XI distance from the center of gravity to the forward (or port) accelerometer 
-X2 distance from the center of gravity to the stern (or starboard) 

acceierometer 

-M number of l ags  for which computations a r e  to be made 
-DT incremental frequency corresponding to the resolution for  which 

computations a r e  to be made 

-
SM1 spectral ordinate of the acceleration record taken at the forward (or port) 
location 
-
SM2 spectral ordinate of the acceleration record taken at the s tern (or starboard) 
location 
C & Q cospectral and quadrature spectral ordinates, respectively, where SM1 is 
the driving function and SM2 is the output function 
Output data is printed on-line arnd punched on cards a s  follows: 
!?L frequency 
HEAVE spectrdl ordinate of heave corresponding to frequency, w 
PITCH spectral ordinate of pitch corresponding to frequency, w 
COP cospectral ordinate where heave i s  the driving function and pitch i s  the 
output function 
QUAD quadrature spectral ordinate where hezve is the driving function and pitch 
i s  the output function 
The Fortran listing i s  given in Table C-7. 
Table C-7. Derivation of Linear and Angular Displacements From 
Acceleration Records Program for  1620 
READ? X l w  X 2 r  MI DT 
EM=M 
P I =  3 . 1 4 1 5 9 2 7  
COR = 1 8 0 e / P I  
COR = COR+COR 
D I V  = 2eO+EM*DT 
FAC = ( 2 . 0 * P I ) / D I V  
D O 1  K = l r M  
EK = K 
W (EK+FAC)+*OeP 
EMUS = X 1  - X2 
SUM = X 1  + X2 
SUMSQ = SUM*+2e0 
DEN = W*SUMSQ 
READ9 S M l t  S M 2 r  C 9  Q 
F I R S T  = X 2 * S M l  
SECON = X Z + F I R S T  
R I F  = X l * S M 2  
CES = X l * R I F  
EMUL = X l * X 2  
HEAVE = (SECON + CES + 2.O+EMUL+C)/DEN 
P I T C H  = ( S M 1  + SM2 - Z.O*C)/DEN 
COSP = ( F I R S T  - R I F  + E M U S * C l / D E N  
QUAD = ( Q * ( - S U M ) ) / D E N  
P I T C H  = P I T C H K O R  
P R I N T *  W I  HEAVE9 P I T C H .  COSP9 QUAD 
PUNCH, HEAVE9 P I T C H 9  COSPI QUAD 
1 	CONTINUE 
PAUSE 
END 
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